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ON CRYSTABELLINE DEFORMATION RINGS OF Gal(Qp/Qp)
(WITH AN APPENDIX BY JACK SHOTTON)
YONGQUAN HU AND VYTAUTAS PAŠKU¯NAS
Abstract. We prove that certain crystabelline deformation rings of two di-
mensional residual representations of Gal(Qp/Qp) are Cohen–Macaulay. As
a consequence, this allows to improve Kisin’s R[1/p] = T[1/p] theorem to an
R = T theorem.
1. Introduction
Let p be a prime, Qp the field of p-adic numbers, L a finite extension of Qp
with the ring of integers O, uniformizer ̟ and residue field k. Let ρ : GQp =
Gal(Qp/Qp) → GL2(k) be a continuous representation such that EndGQp (ρ)
∼= k.
After Mazur [33], there exists a universal deformation ring Runρ , together with a
universal deformation ρun : GQp → GL2(R
un
ρ ), which parametrizes all deformations
of ρ to local artinian O-algebras whose residue field is isomorphic to k. If n ∈
m-SpecRunρ [1/p], where m-Spec denotes the set of maximal ideals, then κ(n) :=
Runρ [1/p]/n is a finite extension of L and we get a genuine p-adic representation
ρunn : GQp → GL2(κ(n)) via specialization. Fix a p-adic Hodge type (w, τ, ψ),
where w = (a, b) is a pair of integers with b > a, τ : IQp → GL2(L) is a smooth
representation of the inertia subgroup, and ψ : GQp → O
× is a continuous character
such that ψǫ ≡ det ρ (mod ̟), where ǫ is the cyclotomic character. We say ρunn
is of type (w, τ, ψ) if it is potentially semi-stable of Hodge-Tate weights w, its
determinant is equal to ψǫ and WD(ρunn )|IQp
∼= τ , where WD(ρunn ) denotes the
Weil-Deligne representation associated to ρunn by Fontaine (see [17]).
We will denote by Rψρ the quotient of R
un
ρ , which parameterizes deformations
with determinant ψǫ. By a general theorem of Kisin [30], there is a unique reduced
O-flat quotient of Rψρ , denoted by R
ψ
ρ (w, τ) (resp. R
ψ,cr
ρ (w, τ)), which parametrizes
all deformations of ρ which are potentially semi-stable (resp. potentially crys-
talline) of type (w, τ, ψ). By this, we mean that a point n ∈ m-SpecRunρ [1/p]
lies in m-SpecRψρ (w, τ)[1/p] (resp. m-SpecR
ψ,cr
ρ (w, τ)[1/p]) if and only if ρ
un
n is
potentially semi-stable (resp. potentially crystalline) of type (w, τ, ψ). These de-
formation rings have played a crucial role in proving modularity lifting theorems
(see for example [31], [25], [26]).
In a recent paper [40], the second author has given another construction of the
rings Rψρ (w, τ) and R
ψ,cr
ρ (w, τ), based on the p-adic local Langlands correspon-
dence for GL2(Qp) and his previous work [37]. In this paper, using results and
techniques developed in loc. cit., we prove the following theorem about the struc-
ture of Rψ,crρ (w, τ).
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Theorem 1.1. Assume that EndGQp (ρ) = k and if p = 3 assume further that
ρ 6∼
( χω ∗
0 χ
)
for any character χ : GQp → k
×, where ω is the mod p cyclotomic
character. Then, for any p-adic Hodge type (w, θ1⊕θ2, ψ), where θ1, θ2 : IQp → L
×
are distinct characters with open kernel, which extend to WQp , the potentially
crystalline deformation ring Rψ,crρ (w, θ1 ⊕ θ2) is Cohen-Macaulay.
Remark 1.2. The assumption θ1 6= θ2 implies that the potentially semi-stable de-
formation ring Rψρ (w, τ) and the potentially crystalline deformation ring R
ψ,cr
ρ (w, τ)
coincide.
We will refer to the inertial types τ which are direct sum of two characters as
above as principal series types. If ρunn is potentially semi-stable of type (w, τ, ψ) then
τ is a principal series type if and only if ρunn becomes a crystalline representation
when restricted to an abelian extension of Qp. These representations are named
crystabelline in [4], thus explains the title of the paper.
Let us explain how the assumption on τ gets used in the proof of Theorem 1.1.
An inertial type τ singles out a Bernstein component Ω in the category of smooth
L-representations of GL2(Qp). If τ = θ1 ⊕ θ2 with θ1 6= θ2 then all the irreducible
representations in Ω are principal series. In the course of the proof we use a result
of Berger–Breuil [4] that if π is a smooth irreducible principal series representation
and π ⊗ Symb−a−1L2 ⊗ deta admits a G-invariant norm then the completion is an
admissible irreducible Banach space representation of G and one can control the
G-representation obtained by reducing the unit ball modulo ̟. This fails for all the
other inertial types since π ⊗ Symb−a−1L2 ⊗ deta with a unitary central character
will admit infinitely many non-isomorphic completions and some of those will be
non-admissible when π is supercuspidal or a twist of Steinberg representation of
GL2(Qp).
We also prove a version of the theorem for framed deformation rings, when ρ is
split and generic.
Theorem 1.3. Assume that ρ =
(
δ1 0
0 δ2
)
with δ1δ
−1
2 6= ω
±1,1. Let τ = θ1 ⊕ θ2
be a principal series type with θ1 6= θ2 and let w = (a, b) with a < b. If θ1 is not
congruent modulo ̟ to any of the four characters δ1ω
−a, δ1ω
−b, δ2ω
−a, δ2ω
−b and
R,ψρ (w, τ) 6= 0 then it is Cohen–Macaulay.
The assumption on the congruence class of θ1 modulo ̟ is equivalent to the
assumption that the reducible locus is empty. In general, we have trouble controlling
the intersection of the reducible and irreducible loci.
Remark 1.4. When ρ is an unramified extension of δ by itself, including the case
when ρ ∼= δ⊕ δ, Fabian Sander has found examples of crystalline deformation rings
which are not Cohen-Macaulay, see [44]. However, the weight in those examples
was small and so the irreducible locus was empty. So it is not clear to us how far
one can relax the assumptions in Theorem 1.3.
The assumption θ1 6= θ2 excludes the crystalline case, which corresponds to
both θ1 and θ2 being trivial. In §7 we pursue a different idea to try and prove that
these rings are Cohen–Macaulay: in [40] a finitely generated Runρ -module M(Θ) is
constructed, where Θ is a K-invariant O-lattice in a finite dimensional irreducible
representation σ(w, τ) (resp. σcr(w, τ)), which in the crystalline case is equal to
Symb−a−1L2 ⊗ deta. Here K = GL2(Zp). It is then shown that M(Θ) is Cohen–
Macaulay and the action of Runρ on M(Θ) factors through the faithful action of
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Rψρ (w, τ) (resp. R
ψ,cr
ρ (w, τ)). If we can choose Θ so that HomK(Θ/̟, κ(ρ)), where
κ(ρ) is the GL2(Qp)-representation corresponding to ρ under the mod p local Lang-
lands correspondence, is one dimensional then the module M(Θ) is generated by
one element, and hence it is free over Rψρ (w, τ) (resp. R
ψ,cr
ρ (w, τ)) of rank 1. In
this case, the Cohen–Macaulayness of the module implies the same property for
the ring. In general, it is very hard to construct such lattices, since both Θ/̟
and the restriction of κ(ρ) to K are not semi-simple. We manage to do so in the
crystalline case, when the Hodge–Tate weights satisfy 1 ≤ b − a ≤ 2p under some
genericity assumption on ρ. We show that in this case the crystalline deformation
ring is always of the form O[[x, y]]/(ye + ae−1y
e−1 + · · · + a0), where ai lie in the
maximal ideal of O[[x]] and e is the Hilbert–Samuel multiplicity of the special fibre.
In particular, the rings are complete intersection. The restriction on the weights
implies that e is at most 3.
For an arbitrary inertial type τ and Hodge–Tate weightw we devise a representa-
tion theoretic criterion, when the rings Rψρ (w, τ) (resp. R
ψ,cr
ρ (w, τ)) are Gorenstein
if we assume them to be Cohen–Macaulay, see Proposition 7.9. The criterion is "if
and only if", but unfortunately it seems very hard to check in practice, when the
Hilbert–Samuel multiplicity is large. If Rψρ is formally smooth, which happens in
most of the cases, we show that Rψρ (w, τ) (resp. R
ψ,cr
ρ (w, τ)) are Gorenstein if and
only if they are complete intersection, see Proposition 7.8. The proof is pure com-
mutative algebra and relies on a happy coincidence that dimRψρ−dimR
ψ
ρ (w, τ) = 2.
1.1. Global application. Our result combined with the results of Jack Shotton
proved in [47], when p > 2, and in §B, when p = 2, imply that certain global
potentially semi-stable deformation rings are O-torsion free. This was one of our
motivations to prove the Cohen–Macaulayness of local deformation rings. We will
describe the result in more detail.
Let F be a totally real field in which p splits completely, let Σ and S be finite
sets of places of F containing all the places above p and all the archimedean places.
Assume that Σ ⊂ S and if p = 2 then Σ 6= S. We fix an algebraic closure F of F . Let
GF,S be the Galois group of the maximal extension of F in F which is unramified
outside S. Let ρ : GF,S → GL2(k) be a continuous irreducible representation,
which we assume to be modular. We will denote by ρv the restriction of ρ to a
decomposition subgroup at v.
If p = 2 then we assume that the image of ρ is non-solvable and ρv does not have
scalar semi-simplification at any v | p. If p > 2 then we assume that the restriction
of ρ to GF (ζp) is irreducible, where ζp is a primitive p-th root of unity. If p = 5 then
we further assume that the projective image of ρ|GF (ζp) is not isomorphic to A5 and
if p = 3 then we further assume ρv 6∼
( χω ∗
0 χ
)
for any character χ : GFv → k
× and
for any v | p.
Let ψ : GF,S → O× be a totally even character, such that det ρ ≡ ψǫ (mod ̟).
Let RψF,S be the universal deformation ring of ρ parameterizing deformations with
determinant ψǫ. We will construct a quotient of RψF,S by imposing local deformation
conditions at places in Σ. Let R,ψv be the universal framed deformation ring of ρv
with determinant ψǫ.
If v is infinite then we let R
,ψ
v = R
,ψ
v . It can be checked that this ring is
complete intersection. For each finite v ∈ Σ we fix a semisimple representation
τv : IFv → GL2(L), where IFv is the inertia subgroup of GFv . If v ∤ p we let
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R
,ψ
v be the maximal reduced and p-torsion free quotient of R
,ψ
v all of whose L-
points give rise to representations ρ of GFv , such that the semisimplification of the
restriction of ρ to IFv is isomorphic to τv. Jack Shotton has proved in [47] and in
the appendix below that these rings are Cohen–Macaulay.
For each v | p we additionally fix a pair of integerswv = (av, bv) with av < bv. We
let R
,ψ
v be the maximal reduced and p-torsion free quotient of R
,ψ
v all of whose
L-points give rise to representations ρ of GFv , which are potentially semistable
(resp. potentially crystalline) of type (wv, τv, ψ).
Let R
ψ
F,S be the quotient of R
ψ
F,S corresponding to the local deformation condi-
tions {R
,ψ
v }v∈Σ, see §8.1 for a precise definition.
Theorem 1.5. If R
,ψ
v 6= 0 for all v ∈ Σ then R
ψ
F,S is a finitely generated O-
module of rank at least 1 and R
ψ
F,S [1/p] is reduced. Moreover, if for all v | p, ρv,
τv, wv satisfy the assumptions of either Theorem 1.1 or Theorem 1.3 then R
ψ
F,S is
p-torsion free.
The first assertion is proved by a Khare–Wintenberger argument, where we use
the work of Gee–Kisin [20], when p > 2, and [42], when p = 2, as an input. The
assumptions on ρv, when p = 2 and p = 3, appear, because we don’t know the
Breuil–Mézard conjecture in those cases. The fact that R
ψ
F,S is p-torsion free if all
the local deformation rings are Cohen–Macaulay is a well known consequence of a
Khare–Wintenberger argument, see for example [49, §5] or Remark after Lemma
4.6 in [26]. The proof that the rings R
ψ
F,S [1/p] are reduced follows from a little
bit of commutative algebra, see Lemma 8.6, together with Kisin’s approach to
Taylor–Wiles method. It turned out that Kisin was aware of our proof, although
the statement does not seem to appear in the literature. Jack Thorne has pointed
out to us that a similar argument occurs in the recent paper of Patrick Allen, in
the proof of [1, Thm. 3.1.3]. We have also made the effort to treat the case p = 2,
where the proof is somewhat more involved.
Typically, whenever one proves a modularity lifting theorem, one proves that the
surjection R
ψ
F,S ։ T is an isomorphism if we invert p and pass to the reduced rings,
where T is a suitable Hecke algebra. If R
ψ
F,S is reduced and p-torsion free then we
can conclude that R
ψ
F,S
∼=
−→ T. This implies that the modular forms which live in
characteristic 0, already know everything about deformations of ρ to rings which
might have p-torsion, which we find quite pretty.
The properties of deformation rings like Cohen–Macaulayness, Gorensteinness,
complete intersection play a role in the theory of derived deformation rings, [18].
We hope that our results and methods will find an application in that theory.
1.2. Organization. The paper is organized as follows. After introducing some
notation in §2, we recall in §3 some results established in [40], in particular the con-
struction of a certain element x ∈ Rψρ (w, τ). We will show in §5.2 that R
ψ
ρ (w, τ)
is Cohen–Macaulay if and only if (x,̟) is a regular sequence in Rψρ (w, τ). In §4
we prove a key result on lattices in locally algebraic representations of G, which
crucially uses an idea of Vignéras [53] of constructing lattices in locally algebraic
representations by constructing lattices in the corresponding G-equivariant coeffi-
cient systems on the Bruhat–Tits tree. We prove the main theorem in §5. In §6
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we extend the main result to the split generic case under some assumptions. In §7,
we investigate some other properties about the Galois deformation rings related to
Cohen-Macaulayness. Finally we discuss some global applications in §8. In Appen-
dix A we show that completed tensor product preserves equidimensionality. Jack
Shotton shows in Appendix B that the rings R
,ψ
v with v ∤ p, which he studied
in [47] under the assumption p > 2, remain Cohen–Macaulay if p = 2.
2. Notation
Let G = GL2(Qp), K = GL2(Zp), and Z ∼= Q×p be the center of G. Let P be the
subgroup of upper triangular matrices in G. Given two characters δ1, δ2 : Q
×
p → L
×
(or to k×), we consider δ1 ⊗ δ2 as a character of P sending a matrix
(
a b
0 d
)
to
δ1(a)δ2(d). Define the following subgroups of G:
Km :=
(
1 + pmZp p
mZp
pmZp 1 + p
mZp
)
, m ≥ 1
I :=
(
Z×p Zp
pZp Z
×
p
)
, Im :=
(
1 + pmZp p
m−1Zp
pmZp 1 + p
mZp
)
, m ≥ 1.
If H is a closed subgroup of G and σ is a smooth representation of H on an L-vector
space (or a k-vector space), we denote by IndGH σ the usual smooth induction. When
H is moreover open, we let c-IndGH σ denote the compact induction, meaning the
subspace of IndGH σ consisting of functions whose support is compact modulo H .
Let ModsmG (O) be the category of smooth G-representations on O-torsion mod-
ules, and Modl,finG (O) be its full subcategory consisting of locally finite objects.
Here, an object τ ∈ ModsmG (O) is said to be locally finite if for all v ∈ τ the O[G]-
submodule generated by v is of finite length. Let ModsmG (k) and Mod
l,fin
G (k) be
respectively the full subcategory consisting of G-representations on k-modules. If
ζ is a continuous character from Z to O× or to k×, we append the subscript ζ to
denote the corresponding subcategory consisting of objects on which Z acts by ζ.
LetModproG (O) be the category of compactOJKK-modules with an action ofO[G]
such that the two actions coincide when restricted to O[K]. It is anti-equivalent to
ModsmG (O) under Pontryagin dual τ 7→ τ
∨ := HomO(τ, L/O), where if τ is a smooth
representation then τ∨ is equipped with the compact-open topology. We let C(O),
resp. C(k) be the full subcategory of ModproG (O) anti-equivalent to Mod
l,fin
G,ζ (O),
resp. Modl,finG,ζ (k).
Denote by GQp the absolute Galois group of Qp, IQp its inertia subgroup, and
WQp the Weil group. A character of Q
×
p will be viewed as a character of GQp via
local class field theory, and vice versa. Here we normalize the local reciprocity map
Q×p
∼
−→ W abQp so that uniformizers correspond to geometric Frobenii. Denote by
ǫ : GQp → Z
×
p the cyclotomic character and ω its reduction modulo p.
Recall that Colmez in [12] has defined an exact and covariant functor V from
the category of smooth, finite length G-representation on O-torsion modules with
central character ζ to the category of continuous finite length representations of
GQp on O-torsion modules. Following [40, §3], we define an exact covariant functor
Vˇ : C(O)→ RepGQp (O) as follows: if M ∈ C(O) is of finite length, we let Vˇ(M) :=
V(M∨)∨(ǫψ), where ψ : GQp → O
× is a character corresponding to ζ via the local
class field theory. For general M ∈ C(O), write M = lim
←−
Mi with Mi of finite
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length and define Vˇ(M) := lim
←−
Vˇ(Mi). On the other hand, if Π is an admissible
unitary L-Banach space representation with central character ζ and Θ is any open
bounded G-invariant O-lattice in Π, then it can be shown that the Schikhof dual
Θd := HomO(Θ,O) equipped with the weak topology lies in C(O) and we let
Vˇ(Π) := Vˇ(Θd) ⊗O L. One may further show that Vˇ(Π) does not depend on the
choice of Θ. Note that Vˇ is exact and contravariant on the category of admissible
unitary L-Banach space representations of G with central character ζ.
3. Preliminaries
Let ρ : GQp → GL2(k) be a continuous representation such that EndGQp (ρ) = k
and if p = 3 then we assume1 that ρ 6∼
(
δω ∗
0 δ
)
for any character δ : GQp → k
×. It
will be convenient to divide such representations into two classes: we say ρ is generic
if one of the following conditions holds: (1) ρ is irreducible, (2) ρ ∼
(
δ2 ∗
0 δ1
)
with
δ−11 δ2 6= ω
±1, (3) p ≥ 5 and ρ ∼
(
δ ∗
0 δω
)
for some δ : GQp → k
×; otherwise, we say
ρ is non-generic, so that p ≥ 5 and ρ is of the form
(
δω ∗
0 δ
)
for some δ : GQp → k
×.
3.1. Construction of a regular element x. Let ψ : GQp → O
× be a continuous
character such that ψǫ ≡ det(ρ) (mod ̟). Let Rψρ be the universal deformation
ring parametrizing the deformations of ρ with determinant ψǫ. We fix a p-adic
Hodge type (w, τ) as in the introduction, and let Rψρ (w, τ) (resp. R
ψ,cr
ρ (w, τ))
be the unique reduced O-flat quotient of Rψρ parametrizing the deformations of ρ
which are potentially semi-stable (resp. potentially crystalline) of type (w, τ, ψ).
As a special case of a theorem of Kisin [30], we have the following result.
Theorem 3.1. Whenever non-zero, Rψρ (w, τ) (resp. R
ψ,cr
ρ (w, τ)) is a local com-
plete noetherian reduced O-flat algebra, equidimensional of Krull dimension 2.
The proof of Breuil-Mézard conjecture in [40] gives another construction of
the rings Rψρ (w, τ) and R
ψ,cr
ρ (w, τ), which we will now recall. In the follow-
ing we allow ourselves to replace L by a finite extension. By a result of Hen-
niart [23], there is a smooth irreducible L-representation σ(τ) (resp. σcr(τ)) of K,
such that if π is a smooth irreducible infinite dimensional L-representation of G,
then HomK(σ(τ), π) 6= 0 (resp. HomK(σcr(τ), π) 6= 0) if and only if LL(π)|IQp
∼= τ
(resp. LL(π)|IQp
∼= τ and the monodromy operator is trivial). Here LL(π) is the
Weil-Deligne representation attached to π by the classical local Langlands corre-
spondence. A more concrete description of σ(τ) and σcr(τ) in the cases we are
interested in is given in §4.2. Let
σ(w, τ) := σ(τ) ⊗ Symb−a−1L2 ⊗ deta,
σcr(w, τ) := σcr(τ) ⊗ Symb−a−1L2 ⊗ deta,
and choose a K-invariant O-lattice Θ inside σ(w, τ) (resp. inside σcr(w, τ)). Ac-
cording to [40, §6.1, §6.2] and [42, §2.3] if p = 2 or p = 3, there exists an object
N ∈ C(O) with a faithful continuous action of Rψρ , which commutes with the action
of G, such that the following hold:
(a) N is projective in ModproK,ζ(O);
(b) N⊗̂Rψρ k is of finite length in C(k), and is finitely generated over OJKK;
1If p = 2 then ω is trivial and this case is excluded by requiring that ρ has only scalar endomor-
phisms. If p = 3 then ω2 = 1 and the case ρ ∼
(
δ ∗
0 δω
)
is also excluded by our assumption.
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(c) EndC(O)(N) ∼= R
ψ
ρ and Vˇ(N) is isomorphic to ρ
un,ψ as Rψρ JGQpK-module,
where ρun,ψ is the universal deformation of ρ with fixed determinant ψǫ.
Let Θd := HomO(Θ,O) and define
M(Θ) := HomO(Hom
cont
OJKK(N,Θ
d),O)
which is naturally an Rψρ -module. Part (b) implies thatM(Θ) is a finitely generated
Rψρ -module, see [40, Prop.2.15]. The following theorem is proved in [40], [42].
Theorem 3.2. We have Rψρ (w, τ)
∼= Rψρ /Ann(M(Θ)), where Ann(M(Θ)) denotes
the annihilator of M(Θ) in Rψρ . Whenever nonzero, M(Θ) is a Cohen-Macaulay
Rψρ -module of Krull dimension 2.
Analogous results hold for Rψ,crρ (w, τ), by taking Θ a K-invariant O-lattice inside
σcr(w, τ).
Proof. See [40, Cor.6.5], [42, Prop.2.33] for ρ generic and [40, Thm.2.44, Cor. 6.22,
Prop.6.23] for ρ non-generic. 
If λ ∈ModsmK (O) is of finite length, we let
M(λ) := (HomcontOJKK(N, λ
∨))∨.
Then M(λ) is a finitely generated Rψρ -module, and if we apply this definition with
λ = Θ/̟Θ then we get a natural isomorphism of Rψρ -modules M(Θ)/̟M(Θ)
∼=
M(Θ/̟Θ), see [40, Cor. 2.7, Lem.2.14].
For convenience, we write R for Rψρ (w, τ) or R
ψ,cr
ρ (w, τ), and let Θ be a K-
invariant O-lattice inside V where V is σ(w, τ) or σcr(w, τ), depending on R.
3.1.1. Generic case. When ρ is generic, a regular element x ∈ Rψρ for M(Θ) is
constructed in [40, §5], such that N/xN is a finitely generated OJKK-module and
projective in ModproK,ζ(O). We briefly recall its construction. If ρ is irreducible
then let π be the unique smooth irreducible k-representation with central character
such that Vˇ(π∨) = V(π) = ρ. If ρ ∼
(
δ2 ∗
0 δ1
)
with δ−11 δ2 6= 1, ω then let π :=
IndGP δ1 ⊗ δ2ω
−1, so that Vˇ(π∨) = δ1. By definition, N is a projective envelope of
π∨ in C(O), see [40, §6.1], so N/̟N is a projective envelope of π∨ in C(k).
Theorem 3.3. There is an element x ∈ Rψρ such that the following hold:
(i) x : N → N is injective, and for all n ≥ 1, N/xnN is a finitely generated
OJKK-module and projective in ModproK,ζ(O); Hom
cont
OJKK(N/x
nN,Θd) is a
free O-module of rank n · e, where e := e(R/̟R) is the Hilbert–Samuel
multiplicity of R/̟R;
(ii) x is M(σ)-regular for any smooth irreducible k-representation σ of K such
that M(σ) 6= 0;
(iii) x /∈ m2 + (̟), where m denotes the maximal ideal of Rψρ ;
(iv) the only prime ideal of R containing (x,̟) is the maximal ideal mR.
Proof. It is shown in [40, Thm.5.2] that there exists an exact sequence in C(k):
0→ N/̟N
x
→ N/̟N → Ω∨ → 0,
with Ω being isomorphic to an injective envelope of π|K in Mod
sm
K,ζ(k). We note
that there is no restriction on p in [40, §5]. Let x ∈ Rψρ be any lifting of x. We will
still denote by x its image in R.
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(i) By [40, Thm.5.2], x : N → N is injective, and N/xN is a projective
envelope of (socKπ)
∨ in ModproK,ζ(O), so is finitely generated and projective in
ModproK,ζ(O). This implies that N/x
nN ∼= (N/xN)⊕n as OJKK-module for all n ≥ 1.
In particular, N/xnN is a finitely generated OJKK-module, which is projective in
ModproK,ζ(O) and it is enough to prove the second statement for n = 1. Projectivity
of N/xN implies that the rank of HomcontOJKK(N/xN,Θ
d) is equal to the dimension
of HomcontOJKK(N/xN, (Θ/̟Θ)
∨) as a k-vector space, which again by projectivity of
N/xN is equal to
∑
σmσ dimkM(σ)/xM(σ), where the sum is taken over all irre-
ducible σ ∈ ModproK,ζ(O) and mσ denotes the multiplicity with which σ occurs as a
subquotient of Θ/̟Θ. On the other hand, it follows from [40, Thm.6.6] if p ≥ 5
and [42, Thm.2.34] if p = 2 or p = 3 that the Hilbert–Samuel multiplicity of R is
equal to
∑
σmσe(M(σ)), where e(M(σ)) is the Hilbert–Samuel multiplicity of the
moduleM(σ). Therefore, it is enough to show that e(M(σ)) = dimkM(σ)/xM(σ).
This is done in the proof of [40, Thm.6.6] and [42, Thm.2.34], where it is shown
that if M(σ) 6= 0 then e(M(σ)) = dimkM(σ)/xM(σ) = 1.
(ii) We may assume that M(σ) is non-zero. Then [40, Thm.6.6] implies that
M(σ) is a Cohen-Macaulay Rψρ -module of dimension 1. Since N/xN is a projective
OJKK-module, the exact sequence 0 → N → N → N/xN → 0 gives an exact
sequence
0→M(σ)
x
→M(σ)→ HomK(N/xN, σ
∨)∨ → 0.
In particular, x is M(σ)-regular. If p = 2 or p = 3 then the assertion is proved in
the course of the proof of [42, Prop.2.28] with the same argument.
(iii) Let σ be a smooth irreducible k-representation of K such that M(σ) 6= 0
and let a be the Rψρ -annihilator of M(σ). The proof of [40, Thm.6.6], in particular
the exact sequence (38) and the proof of [42, Prop.2.28] if p = 2 or p = 3 show
that M(σ) is a cyclic Rψρ -module, R
ψ
ρ /a
∼= kJtK and x is mapped to t via this
isomorphism. This implies the result, since if x ∈ m2 + (̟), then the image of x in
Rψρ /a would belong to (mRψρ /a)
2, which is not the case.
(iv) We may assume R is non-zero. Since M(Θ) is a faithful, finitely generated
R-module, V ((̟, x)) is equal to the support of M(Θ)/(x,̟)M(Θ). It follows from
part (i) that M(Θ)/(̟, x)M(Θ) is a finite dimensional k-vector space. Hence its
support consists only of the maximal ideal. 
3.1.2. Non-generic case. We now construct x ∈ Rψρ with similar properties in non-
generic cases. We assume that p ≥ 5. We distinguish two cases depending on ρ:
peu ramifié or très ramifié. The assumption p ≥ 5 implies that H2(GQp , ad
0 ρ) = 0,
where ad0 ρ denotes the trace zero endomorphisms of ρ, so Rψρ is formally smooth
of relative dimension 3 over O. In this case N ∈ C(O) is constructed in [40, §6.2]
as a deformation of β∨ to Rψρ , for a certain β ∈ Mod
sm
G,ζ(k). In particular, N is flat
over Rψρ .
Lemma 3.4. Assume that Rψρ (w, τ) 6= 0 with w = (a, a + 1) and τ = θ ⊕ θ.
If ρ is très ramifié then Rψρ (w, τ)
∼= OJuK. If ρ is peu ramifié then Rψρ (w, τ) ∼=
OJu, vK/(uv).
Proof. Let R′ = Rψρ (w, τ) and let m be its maximal ideal. After twisting we may
assume that ψ and θ are trivial, ρ is isomorphic to
(
ω ∗
0 1
)
and a = 0.
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If ρ is très ramifié then it is shown in the course of the proof of [40, Prop.6.23]
that dimkm/(̟,m
2) = 1. Since R′ is O-torsion free this implies that R′ ∼= OJuK.
Alternatively, see Théorème 1.3(i) in [7].
If ρ is peu ramifié then it is shown in Théorème 1.3(i) in [7] that there are two
minimal prime ideals p1, p2 of R
′ such that R′/p1 and R
′/p2 are formally smooth
of dimension 1 over O and the diagonal map R′ → R′/p1 ×R′/p2 is injective. It is
shown in the course of the proof of [40, Prop.6.23] that dimk m/(̟,m
2) = 2. Hence
there are elements u, v ∈ m \ (m2, ̟) such that u ∈ p1 and v ∈ p2. It is shown
in [14, Prop.3.3.1] that V (p1) is the closure of the crystalline points, V (p2) is the
closure of non-crystalline points and the ideals p1 and p2 are distinct modulo ̟.
This implies that the images of u and v in m/(m2, ̟) are linearly independent and
hence form a k-basis of m/(m2, ̟). Since uv ∈ p1 ∩ p2 = 0, we conclude that there
is a surjection OJu, vK/(uv)։ R′. This induces surjections
O[[u, v]]/(uv, u)։ R′/(u)։ R′/p1, O[[u, v]]/(uv, v)։ R
′/(v)։ R′/p2,
which have to be isomorphisms as both the source and the target are domains of
dimension 1. Thus p1 = (u) and p2 = (v). This implies that the composition
OJu, vK/(uv)։ R′ → R′/p1 ×R′/p2 is injective and hence OJu, vK/(uv) ∼= R′. 
Since twisting by a character δ : GQp → O
× induces a natural isomorphism
between Rψρ and R
ψδ2
ρδ
it is enough to construct x in the case when ρ is isomorphic
to
(
ω ∗
0 1
)
and ψ and ζ are trivial, which we now assume for the rest of the subsection.
In this case R′ := Rψρ ((0, 1),1⊕ 1) 6= 0.
If ρ is très ramifié we choose x ∈ Rψρ to be any element which maps to u in
R′/(̟) ∼= kJuK and if ρ is peu ramifié we choose x ∈ Rψρ to be any element which
maps to u + v in R′/(̟) ∼= kJu, vK/(uv) via the isomorphisms of Lemma 3.4. We
note that in both cases (̟, x) is a regular sequence in R′.
Theorem 3.5. Assume ρ is non-generic and let x ∈ Rψρ be as above. Then the
properties (i),(ii),(iii),(iv) listed in Theorem 3.3 hold.
Proof. We first prove (ii). If ρ is très ramifié then it is shown in [40, Prop.6.20]
that M(σ) 6= 0 if and only if σ ∼= st
def
= Symp−1k2. Moreover, M(st) is a free
R′/(̟)-module of rank 1. Hence x is M(st)-regular and
(1) dimkM(st)/xM(st) = 1.
If ρ is peu ramifié, then it is shown in [40, Prop.6.20] that M(σ) 6= 0 if and only if
σ = 1 or σ = st. Moreover, M(st) is a free R′/(̟)-module of rank 1, and M(1) is
a free R′/(̟, p1)-module of rank 1, where p1 is the closure of the crystalline points
in R′. Since R′/(̟, p1) ∼= R
′/(̟,u) ∼= kJvK, we conclude that x is M(st)- and
M(1)-regular and
(2) dimkM(st)/xM(st) = 2, dimkM(1)/xM(1) = 1.
(i) Since Rψρ is formally smooth over O, it is an integral domain and x
n is Rψρ -
regular for all n ≥ 1. Since N is flat over Rψρ , x
n is also N -regular. It follows from
(1), (2) that M(σ)/xnM(σ) is a finite dimensional k-vector space for all irreducible
σ ∈ModsmK,ζ(O). This implies that M(λ)/x
nM(λ) is a finitely generated O-module
for all λ ∈ ModsmK,ζ(O) of finite length. It follows from [40, Lem.2.38] that N/x
nN is
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a finitely generated OJKK-module. For each irreducible σ ∈ ModsmK,ζ(O), the exact
sequence 0→ N
xn
→ N → N/xnN → 0 induces an exact sequence:
(3) 0→ Ext1K,ζ(N/x
nN, σ∨)∨ →M(σ)
xn
→M(σ)→ HomK(N/x
nN, σ∨)∨ → 0,
where the subscript ζ indicates that we compute the extension groups inModproK,ζ(O).
It follow from part (ii) proved above that the multiplication by xn induces an in-
jective map on M(σ). Hence,
Ext1K,ζ(N/x
nN, σ∨) = 0,
for all irreducible σ ∈ ModsmK,ζ(O). Since every non-zero object in Mod
pro
K,ζ(O) has
an irreducible quotient, this implies that N/xnN is equal to its own projective
envelope in ModproK,ζ(O), and hence is projective. Since x is N -regular and N/xN
is projective, we get an isomorphism N/xnN ∼= (N/xN)⊕n as OJKK-modules.
It remains to show that the rank of HomcontOJKK(N/xN,Θ
d) is equal to the Hilbert–
Samuel multiplicity of R. The argument is the same as in the proof of part (i)
of Theorem 3.3: using the projectivity of N/xN and [40, Thm.6.24] we deduce
that it is enough to show that e(M(σ)) = dimkM(σ)/xM(σ) for all irreducible
σ ∈ ModsmK,ζ(O). This follows from (1), (2) and the Hilbert–Samuel multiplicities
of M(σ) computed in [40, Thm.6.24].
(iii) As in the proof of Theorem 3.3, it suffices to find a quotient ring A of Rψρ ,
which is killed by ̟, such that the image of x does not lie in m2A. By construction,
we can take A = R′/(̟).
(iv) Using (i), the same proof as in Theorem 3.3 works. 
Remark 3.6. To deduce the projectivity of N/xN in Theorem 3.5, we can also
apply the criterion proved in [40, Cor.2.41] to R/xR and N/xN .
3.1.3. Prime avoidance. From now on, ρ can be either generic or non-generic. As x
is constructed as any lifting of a certain element in Rψρ /̟R
ψ
ρ (or in some quotient of
Rψρ /̟R
ψ
ρ when ρ is non-generic), we see that if x
′ ∈ Rψρ is such that x
′ ≡ x mod ̟,
then x′ also satisfies the properties (i)-(iv) listed in Theorem 3.3 or Theorem 3.5.
This allows us to choose one which behaves better.
Lemma 3.7. Let p1, ..., pn be a finite set of maximal ideals of R
ψ
ρ [1/p]. Then
there is x ∈ Rψρ satisfying the conditions of Theorem 3.3 in the generic case and
the conditions of Theorem 3.5 in the non-generic case, such that x /∈ pi for all
1 ≤ i ≤ n.
Proof. It suffices to show that there exists k ≥ 1, such that x+̟k is not contained
in pi for any 1 ≤ i ≤ n. If not, we can find k < k′ and i ∈ {1, ..., n} such that
x+̟k, x+̟k
′
∈ pi, which implies ̟
k −̟k
′
∈ pi. This is impossible since pi does
not contain ̟ by assumption. 
We will need exclude one special case later, which leads us to consider the fol-
lowing condition on ρ and on the type (w, τ, ψ):
(H) ρ ≇
(
δω ∗
0 δ
)
, or b− a > 1, or τ 6= θ ⊕ θ.
Remark 3.8. The condition (H) comes from the restriction of [40, Cor.4.21]. It
follows from Lemma 3.4 that if (H) is not satisfied, then R is a complete intersec-
tion, hence a Cohen-Macaulay ring, so there is no harm assuming (H).
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When (H) is satisfied, we use Lemma 3.7 to choose x in such a way that it
is not contained in the finite union of the maximal ideals of SpecR[1/p] excluded
in [40, Cor.4.21]. In particular, x depends on the type (w, τ). With this choice, x
has the following additional property.
Proposition 3.9. Assume (H) is satisfied and choose x as above. Then Rp is a
regular local ring and Rp ∼=M(Θ)p for any prime ideal p of R minimal over (x).
Proof. As x is regular in R, Krull’s principal ideal theorem implies that p has height
1. Since the Krull dimension of R is 2, p is not the maximal ideal of R. We know
by part (iv) of Theorems 3.3, 3.5 that ̟ /∈ p, hence pR[1/p] is a maximal ideal
of R[1/p]. By the choice of x, the conclusion of [40, Cor.4.21] holds, hence Rp
is regular by [40, Prop.2.30]. Now dimκ(p)M(Θ) ⊗R κ(p) is equal to 1 according
to [40, Prop.4.14, 2.22]. Hence,M(Θ)p is a cyclic Rp-module. Since R acts faithfully
on M(Θ), Rp acts faithfully on M(Θ)p, and so M(Θ)p is a free Rp-module of rank
1. If p = 2 or p = 3 then it is explained in the proof of [42, Prop.2.33] that the
same argument works. 
Remark 3.10. In the potentially crystalline case we know that Rp is a regular
ring for all p such that pR[1/p] is a maximal ideal of R[1/p] by [30, Thm.3.3.8] and
one could deduce that M(Θ)p is a free Rp-module using the Auslander–Buchsbaum
formula. To show that the rank is one, it is enough to do so for one p on each
irreducible component, and this can be done in the same way as in the proof of
Proposition 3.9.
Remark 3.11. The hypothesis (H) will be used as follows. We will see in section
5.3 that to every maximal ideal n of R[1/p] we may attach a unitary κ(n)-Banach
space representation Π(κ(n)) of G. It is shown in [40, Lem.4.16] that if (H) is
satisfied then for all except finitely many n the space of locally algebraic vectors
Π(κ(n))alg in Π(κ(n)) is an irreducible representation of G. Thus we choose our x
to avoid the maximal ideals n where Π(κ(n))alg is reducible.
3.2. Completed tensor products and homomorphisms. In this section we
show that the functor m 7→ m⊗̂RψρN from compact R
ψ
ρ -modules to C(O) is fully
faithful.
Proposition 3.12. Let m be a compact Rψρ -module. Then the natural map m 7→
(n 7→ m⊗̂n) is an isomorphism
m
∼
−→ HomC(O)(N,m⊗̂RψρN).
Proof. If ρ is generic then N is isomorphic to a projective envelope of π∨ in C(O), as
recalled in §3.1.1. Since the proposition follows from [38, Lem.2.9] if N is projective
in C(O), we may assume ρ is non-generic for the rest of the proof. In this case N
is flat over Rψρ by definition, see [40, Def.6.11].
First assume that m is of finite length as an O-module. We argue by induction
on the length of m. If m ∼= k, we know by definition of N that k⊗̂RψρN
∼= β∨,
where β is defined in [40, Lem.6.7] such that Vˇ(β∨) = V(β) = ρ. We need show
that HomC(O)(N, β
∨) ∼= k. By [40, Thm.6.10] and the definition of N , the functor
Vˇ induces an isomorphism HomC(O)(N, β
∨) ∼= HomcontOJGQpK(ρ
un,ψ, ρ), where ρun,ψ
is the universal deformation of ρ with determinant ψǫ. The assertion then follows
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from [41, Lem.4.1]. If the length of m is ≥ 2 then let m1 ( m be a proper Rψρ -
submodule and let m2 := m/m1, so that 0 → m1 → m → m2 → 0. Since N is flat
over Rψρ , we get an exact sequence:
HomC(O)(N,m1⊗̂RψρN) →֒ HomC(O)(N,m⊗̂RψρN)→ HomC(O)(N,m2⊗̂RψρN).
By inductive hypothesis, we have mi
∼
−→ HomC(O)(N,mi⊗̂RψρN) for i = 1, 2, hence
the assertion using the snake lemma.
Now we treat the general case. Since m is compact, we may write m = lim
←−j
mj ,
where the limit is taken over all the quotients of finite length. Since completed
tensor product commutes with projective limits, we get
HomC(O)(N,m⊗̂RψρN)
∼= HomC(O)(N, lim←−
j
mj⊗̂RψρN)
∼= lim←−
j
HomC(O)(N,mj⊗̂RψρN) = lim←−
j
mj ∼= m.

Corollary 3.13. Let m1 and m2 be compact R
ψ
ρ -modules. Then the map ϕ 7→
ϕ⊗̂RψρN induces an isomorphism
Homcont
Rψρ
(m1,m2)
∼
−→ HomC(O)(m1⊗̂RψρN,m2⊗̂RψρN).
Proof. As in the proof of Proposition 3.12 it is enough to prove that the map is an
isomorphism, when m2 is of finite length. In this case, m2⊗̂RψρN is of finite length
in C(O). If m1 =
∏
I R
ψ
ρ for some indexing set I then m1⊗̂RψρN
∼=
∏
I N and so its
Pontryagin dual is isomorphic to
⊕
I N
∨. We have
HomC(O)(m1⊗̂RψρN,m2⊗̂RψρN)
∼= HomG
(
(m2⊗̂RψρN)
∨,
⊕
I
N∨
)
∼=
⊕
I
HomG((m2⊗̂RψρN)
∨, N∨) ∼=
⊕
I
HomC(O)(N,m2⊗̂RψρN),
where the second isomorphism holds, because (m2⊗̂RψρN)
∨ is of finite length in
ModsmG (O). A similar argument shows that
Homcont
Rψρ
(m1,m2) ∼=
⊕
I
Homcont
Rψρ
(Rψρ ,m2)
∼=
⊕
I
m2.
The assertion in this case now follows from Proposition 3.12. The general case
follows by choosing a presentation
∏
J R
ψ
ρ →
∏
I R
ψ
ρ → m1 → 0 and applying the
functors Homcont
Rψρ
(∗,m2) and HomC(O)(N⊗̂Rψρ ∗, N⊗̂Rψρm2) to it. 
4. Representation theoretic input
In this section, we will prove a key result about the structure of bounded G-
invariant O-lattices inside certain locally algebraic representations, using a result
of Vignéras [53] on lattices in G-equivariant coefficient systems on the Bruhat–Tits
tree as a key ingredient.
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4.1. Diagrams. Let R0 be the G-normalizer of K so that R0 = KZ, and R1 be
the G-normalizer of I so that R1 is generated by I and t :=
(
0 1
p 0
)
as a group. One
checks that R0 ∩R1 = IZ.
Let A be a commutative ring, typically A = L,O or k. By a diagram D (for
GL2) of A-modules, we mean the data (D0, D1, r), where D0 is an A[R0]-module,
D1 is an A[R1]-module and r : D1 → D0 is an IZ-equivariant homomorphism of
A-modules. This data determines uniquely a G-equivariant coefficient system on
the Bruhat–Tits tree of G. The homology of this coefficient system is computed by
a two term complex of G-representations:
∂ : c-IndGR1 D1 ⊗ δ−1 → c-Ind
G
R0
D0,
where δ−1 denotes the smooth character of R1 (to A) of order 2 sending g to
(−1)vp(det g), see [36, §3]. Explicitly the map ∂ is determined by the formula
(4) ∂([Id, x]) = [Id, r(x)] − [t, r(t−1 · x)] ∈ c-IndGR0 D0, ∀x ∈ D1 ⊗ δ−1,
where [g, x] denotes the unique function supported on Rig
−1 and taking value x on
g−1. The kernel and cokernel of ∂ are denoted by H1(D) and H0(D) respectively,
so that we have an exact sequence
(5) 0→ H1(D)→ c-Ind
G
R1
D1 ⊗ δ−1
∂
→ c-IndGR0 D0 → H0(D)→ 0.
A short exact sequence of diagrams of A-modules 0→ D′ → D → D′′ → 0 gives a
long exact sequence of G-representations:
(6) 0→ H1(D
′)→ H1(D)→ H1(D
′′)→ H0(D
′)→ H0(D)→ H0(D
′′)→ 0.
For an A-representation π of G, we define a constant diagram
K(π) := (π|R0 , π|R1 , id).
One has that H0(K(π)) ∼= π and H1(K(π)) = 0.
Let π be a smooth k-representation of G of finite length and with a central
character. Let D = (D0, D1, r) be a sub-diagram of K(π), i.e. such that D1
r
→֒
D0 →֒ π are injective. We naturally have a G-equivariant morphism
θ : H0(D)→ H0(K(π)) ∼= π.
The main result of this section is the following.
Proposition 4.1. If H0(D) is of finite length as a G-representation then θ is an
injection.
Proof. After replacing π by the image of θ, we may assume that π is generated by
D0 as a G-representation. Consider the exact sequence of diagrams
0→ D → K(π)→ Q→ 0
where Q is the quotient diagram K(π)/D. It gives a long exact sequence of G-
representations
0→ H1(Q)→ H0(D)
θ
→ π → H0(Q)→ 0.
Here we have used the facts that H0(K(π)) ∼= π and H1(K(π)) = 0. Moreover,
since by assumption H0(D) is of finite length as a G-representation, so is H1(Q).
We need to show that this forces
H1(Q) = 0.
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The next lemma allows us to conclude, since by definition H1(Q) is a sub-represen-
tation of c-IndGR1(Q1 ⊗ δ−1), if we write Q = (Q0, Q1, r
′). 
Lemma 4.2. Let M be a smooth k-representation of R1 on which Z acts by a
character and V be a G-subrepresentation of c-IndGR1 M . If V is of finite length,
then V = 0.
Proof. We assume V is non-zero and search for a contradiction. We may assume V
is irreducible, since any non-zero representation of finite length has an irreducible
subrepresentation. If f ∈ V ⊂ c-IndGR1 M then f is supported only on finitely
many cosets R1g and hence its values are contained in a finitely generated subrep-
resentation of M . Since V is irreducible we thus may assume that M is finitely
generated. Since R1 is compact modulo centre, which acts by a character on M ,
this implies thatM is finite dimensional over k. It is enough to prove the statement
with R1 replaced by R0 since the injection M →֒ Ind
R1
IZ M |IZ gives injections of
G-representations:
c-IndGR1 M →֒ c-Ind
G
IZ(M |IZ)
∼= c-IndGR0(Ind
R0
IZ (M |IZ)).
So let M be a smooth finite dimensional representation of R0 with a central
character and let V be an irreducible G-subrepresentation contained in c-IndGR0 M .
We may choose an exhaustive filtration Fil•M ofM by R0-subrepresentations such
that the graded pieces are irreducible representations of R0. Then c-Ind
G
R0
(Fil•M)
is an exhaustive filtration of c-IndGR0 M by G-subrepresentations, the graded pieces
of which are isomorphic to c-IndGR0 σi where σi is an irreducible representation of
R0. Since V is finitely generated it will be contained in c-Ind
G
R0
(FiliM) for some
i ≥ 0 and since V is non-zero its image in some graded piece will be non-zero.
Hence we have reduced to a situation where M is an irreducible representation of
R0. In this case [3, Prop.18] implies that if W is any non-zero G-invariant subspace
of c-IndGR0 M then the subspace W
I1 of I1-invariants of W is infinite dimensional.
However, it follows from the classification of irreducible representations of G in [3,5]
that V I1 is finite dimensional. This contradiction finishes the proof. 
The proof of Proposition 4.1 also yields the following statement.
Corollary 4.3. ker(θ) does not contain non-zero finite length subrepresentations.
Remark 4.4. The proof of Proposition 4.1 works for G = GL2(F ), where F is a
finite extension of Qp. However, if F 6= Qp, in view of the main result of [46], we
don’t expect to find interesting examples, where the conditions of the proposition are
satisfied and D0 is finite dimensional.
Lemma 4.5. Let ϕ : M → M ′ be a morphism of O-modules. Assume that M is
a free O-module and M ′ is O-torsion free. If ϕ ⊗O L is surjective and ϕ ⊗O k is
injective, then ϕ is an isomorphism.
Proof. We first show that ϕ is injective. Let K be the kernel of ϕ. Since M ′ is
O-torsion free, so is the image of ϕ. Therefore the morphism K ⊗O k → M ⊗O k
is injective and we deduce that K ⊗O k = 0 as ϕ⊗O k is injective by assumption.
On the other hand, since O is a PID, submodules of free modules are free. Hence,
K is a free O-module and K ⊗O k = 0 implies K = 0.
Now let C be the cokernel of ϕ and consider the exact sequence of O-modules
0 → M → M ′ → C → 0. Since M ′ is O-torsion free and ϕ is injective modulo
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̟, we obtain that C[̟] the submodule of elements in C killed by ̟ is zero. This
implies that the map C → C ⊗O L is an injection; but C ⊗O L = 0 as ϕ ⊗O L is
surjective, hence C = 0 as desired. 
We now consider locally algebraic representations. The next result plays a crucial
role in the proof of our main theorem.
Theorem 4.6. Let Φ be a locally algebraic L-representation of G of finite length.
Assume that Φ carries a bounded G-invariant O-lattice Φ0, which is finitely gener-
ated as an O[G]-module and such that Φ0⊗O k is of finite length as a k[G]-module.
Let X = (X0, X1, r) →֒ K(Φ) be a sub-diagram of finite dimensional L-vector spaces
and let X := (X0,X1, r) where Xi = Xi ∩Φ0. If H0(X) ∼= Φ, then H0(X ) ∼= Φ0 and
H0(X ⊗O k) ∼= Φ
0 ⊗O k.
Proof. The assumptions imply that the condition 2) in [53, Prop.0.1] holds for X ,
so H0(X ) is a free O-module such that
H0(X ) ⊗O L ∼= H0(X), H0(X ) ⊗O k ∼= H0(X ⊗O k),
see the discussion after Lemma 0.7 loc. cit., and [36, §4]. Since both Φ0 and H0(X )
are lattices in H0(X) ∼= Φ and are finitely generated as O[G]-modules, they are
commensurable. Since Φ0⊗Ok is of finite length as a k[G]-module, so is H0(X )⊗Ok
and has the same length as Φ0 ⊗O k by [37, Lem.4.3]. However, it follows from the
definition of X that the morphisms X1⊗O k →֒ X0⊗O k →֒ Φ0⊗O k are injective, so
Proposition 4.1 implies that the G-equivariant morphism H0(X ⊗O k)→ Φ0 ⊗O k
is injective. Hence the map is an isomorphism, as both the source and the target
have the same length. The result follows from Lemma 4.5 with M = H0(X ) and
M ′ = Φ0. 
4.2. Types for principal series. We recall some results about principal series
types from [23]. Let θ1, θ2 : Z
×
p → L
× be smooth characters. Let c be the conductor
of θ1θ
−1
2 so that c ∈ Z≥0 is the smallest integer such that θ1θ
−1
2 is trivial on 1+p
cZp.
Consider the type τ = θ1 ⊕ θ2 of IQp , where we view θ1 and θ2 as characters of IQp
via the local class field theory. Then using [23] the representation σcr(τ) defined in
§3.1 maybe described as follows. If c = 0 then θ1 = θ2(=: θ) and σ
cr(τ) = θ◦det. If
c ≥ 1 then σcr(τ) is just the induction IndKJc θ1⊗θ2, where Jc denotes the subgroup( Z×p Zp
pcZp Z
×
p
)
; in this case the representations σ(τ) and σcr(τ) coincide.
Lemma 4.7. Assume that τ = θ ⊕ 1 with θ 6= 1. Let π be a smooth admissible
representation of G on an L-vector space generated as a G-representation by its
σcr(τ)-isotypic subspace. Then πKc as a K-representation is isomorphic to a finite
direct sum of copies of σcr(τ).
Proof. Since π is admissible its σcr(τ)-isotypic subspace is finite dimensional. Hence
π is finitely generated as a G-representation, and since π is admissible it is of finite
length.
Since θ 6= 1 by assumption the representation σcr(τ) is not only typical for the
Bernstein component corresponding to τ , but is a type for that component in the
sense of [9]. This implies that HomK(σ
cr(τ), π′) 6= 0 for all irreducible subquotients
of π. Hence, if π′ is an irreducible subquotient of π then π′ ∼= IndGP χ1 ⊗ χ2,
such that χ2 is unramified and χ1|Z×p = θ. Moreover, we have an isomorphism of
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K-representations
(IndGP χ1 ⊗ χ2)
Kc ∼= IndK(K∩P )Kc χ1 ⊗ χ2
∼= σcr(τ).
Since taking Kc-invariants defines an exact functor on the category of smooth G-
representations on L-vector spaces and since the category of smooth K-represen-
tations on L-vector spaces is semi-simple, we conclude that πKc is isomorphic to a
finite direct sum of copies of σcr(τ). 
Remark 4.8. Since σ(θ1 ⊕ θ2) ∼= σ(θ1θ
−1
2 ⊕ 1)⊗ θ2 ◦ det, if θ1 6= θ2 then we may
twist by a character to get to a situation where Lemma 4.7 applies.
5. The main theorem
We keep the notation of the previous section. In this section we prove the main
theorem 5.15. We write R for either Rψρ (w, τ) or R
ψ,cr
ρ (w, τ) and V for either
σ(w, τ) or σcr(w, τ) to simplify the notation. In §5.1, §5.2 we place no restriction
on the type τ . We assume that τ is a principal series type in the end of §5.3. By
Lemma 3.4, if (H) is not satisfied, then R is a Cohen-Macaulay ring. So we may
assume (H) holds in the rest and choose x ∈ Rψρ as in Proposition 3.9.
5.1. The ideals an. Let Θ be a K-invariant O-lattice in V . Let a ⊂ Rψρ be the
annihilator of the Rψρ -moduleM(Θ) and for each n ∈ Z≥0, let an be the annihilator
of the Rψρ -module
M(Θ)/xnM(Θ) ∼= HomO(Hom
cont
OJKK(N/x
nN,Θd),O).
Then a, an do not depend on the choice of Θ. We have a ⊆ an+1 ⊆ an for any
n ≥ 1, so that there are natural surjections
(7) R։ Rψρ /an+1 ։ R
ψ
ρ /an.
Remark that, since Θ is O-flat, M(Θ)/xnM(Θ) is O-flat by Theorem 3.3(i) and
Theorem 3.5, hence Rψρ /an is an O-flat algebra for each n ≥ 1.
Proposition 5.1. We have a =
⋂
n≥1 an and R
∼= lim←−n≥1
Rψρ /an.
Proof. Since Rψρ is a noetherian local ring, M(Θ) is a finitely generated R
ψ
ρ -module
and x ∈ m, we get a natural isomorphism by the Artin-Rees lemma:
M(Θ) ∼= lim←−
n≥1
M(Θ)/xnM(Θ).
This implies the assertion by definition of a and an. 
Remark 5.2. For m ≤ n, one checks that xn−mam ⊂ an, hence there is a nat-
ural morphism xn−m : Rψρ /am → R
ψ
ρ /an, given by multiplication by x
n−m, whose
composition with the projection Rψρ /an ։ R
ψ
ρ /an−m is zero.
Since xn ∈ an, the surjection (7) factors through R/xnR ։ Rψρ /an; the target
being O-flat, it further factors through
αn : (R/x
nR)tf ։ R
ψ
ρ /an,
where (R/xnR)tf denotes the largest O-flat quotient of R/xnR.
Proposition 5.3. (i) The surjection αn is an isomorphism.
(ii) The ring Rψρ /an is a finite flat O-algebra of rank n · e, where e := e(R/̟R).
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Proof. (i) By definition of an, it suffices to show that (R/x
nR)tf acts faithfully on
M(Θ)/xnM(Θ).
Let p ∈ SpecR be a minimal prime ideal over (x). As x is regular in R, Krull’s
principal ideal theorem implies that p has height 1; in particular, p is not the
maximal ideal of R because R is of Krull dimension 2. We know by Theorem 3.3(iii)
and Theorem 3.5 that ̟ /∈ p, hence p gives rise to an element in SpecR[1/p]. Then
we have Rp ∼=M(Θ)p by Proposition 3.9, which induces an isomorphism
(8) (R/xnR)p ∼= (M(Θ)/x
nM(Θ))p.
In particular, (R/xnR)p is O-flat and acts faithfully on (M(Θ)/xnM(Θ))p.
Now let u ∈ R/xnR and assume that it acts trivially on M(Θ)/xnM(Θ). Then
its image in (R/xnR)p must be 0 for each p as above, hence u lies in the kernel of
R/xnR→
∏
p
(R/xnR)p,
where p runs over all minimal prime ideals of R over (x). But this kernel, being
supported only (possibly) at mR, is 0-dimensional, hence is exactly the O-torsion
submodule of R/xnR because each (R/xnR)p is O-flat.
(ii) Since (R/xnR)⊗OL is an Artinian ring, we have an isomorphism (R/xnR)⊗O
L ∼=
∏
p(R/x
nR)p, where p runs over all minimal prime ideals of R over (x). It
then follows from (8) that
rankO(R/x
nR)tf =
∑
p
dimL(R/x
nR)p
=
∑
p
dimL(M(Θ)/x
nM(Θ))p = rankOM(Θ)/x
nM(Θ) = n · e,
where the last equality comes from Theorem 3.3 and Theorem 3.5. 
Set Qn = N/anN . Then Qn is a quotient of N/x
nN because xn ∈ an. We note
that although Rψρ /an is O-flat, Qn need not be because N is not always flat over
Rψρ , see the proof of Lemma 5.12 for details.
Lemma 5.4. Let m ∈ Z≥1 and Ξ be a K-invariant O-lattice of ⊕mi=1V
d. Then the
morphism xn−1 : Q1 → Qn induces a surjection
HomcontOJKK(Qn,Ξ)։ Hom
cont
OJKK(Q1,Ξ).
Proof. We first claim that the natural injection
HomcontOJKK(Qn,Ξ) →֒ Hom
cont
OJKK(N/x
nN,Ξ)
is an isomorphism. Indeed, if f ∈ HomcontOJKK(N/x
nN,Ξ) which we view as an
element in HomcontOJKK(N,⊕
m
i=1V
d) in an obvious way, and if a ∈ an, then f ◦ a = 0
by definition of an, so that f factors as N → N/aN → Ξ. Since this holds for all
a ∈ an, we see that f factors as N → N/anN → Ξ, hence the result.
The short exact sequence 0→ N/xN
xn−1
−→ N/xnN → N/xn−1N → 0 induces
0→ HomcontOJKK(N/x
n−1N,Ξ)→ HomcontOJKK(N/x
nN,Ξ)
→ HomcontOJKK(N/xN,Ξ)→ 0
which is still exact since N/xn−1N is projective in ModproK,ζ(O). The result then
follows from the claim. 
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5.2. A criterion for Cohen–Macaulayness. In Lemma 5.7 below we devise a
criterion for R to be Cohen–Macaulay. This criterion will be checked in the next
subsection to complete the proof of Theorem 5.15.
Lemma 5.5. The following are equivalent:
(i) R is Cohen–Macaulay;
(ii) (x,̟) is a regular sequence in R;
(iii) the chain complex 0→ R
x
→ R→ Rψρ /a1 → 0 is exact;
(iv) the chain complex:
(9) 0→ Rψρ /an−1
x
→ Rψρ /an → R
ψ
ρ /a1 → 0
is exact for all n ≥ 1.
Proof. Since (x,̟) is a system of parameters for M(Θ) and R acts faithfully on
M(Θ), (x,̟) is a system of parameters for R. Hence (i) is equivalent to (ii).
The sequence (x,̟) is regular if and only if multiplication by x is injective and
R/xR is O-torsion free. Proposition 5.3(i) implies that (ii) is equivalent to (iii).
Since R ∼= lim←−n≥1R
ψ
ρ /an by Proposition 5.1 and the Mittag-Leffler condition is
satisfied, by passing to the limit we see that (iv) implies (iii). On the other hand,
if R is Cohen–Macaulay then (xn, ̟) is a regular sequence for all n ≥ 1, hence
Rψρ /an = (R/x
nR)tf = R/x
nR for all n ≥ 1. Since x is R-regular we deduce that
(9) is exact for all n ≥ 1. Hence (i) implies (iv). 
Lemma 5.6. The following conditions are equivalent:
(i) The complex (9) is exact for all n ≥ 1;
(ii) x : (Rψρ /an−1)⊗O k → (R
ψ
ρ /an)⊗O k is injective for all n ≥ 1;
(iii) xn−1 : (Rψρ /a1)⊗O k → (R
ψ
ρ /an)⊗O k is injective for all n ≥ 1.
Proof. Denote by C the complex (9) with the term Rψρ /a1 in degree 0. Since all
the terms in C are O-torsion free, we get an exact sequence of complexes
0→ C
̟
→ C → C/̟C → 0.
Passing to homology and using the fact that H0(C) = 0 we obtain a long exact
sequence
0→ H2(C)
̟
→ H2(C)→ H2(C/̟C)→ H1(C)
̟
→ H1(C)→ H1(C/̟C)→ 0.
The condition (ii) is equivalent to H2(C/̟C) = 0. Hence (i) implies (ii).
Since (Rψρ /an) ⊗O k is of dimension n · e over k by Proposition 5.3(ii), if (ii)
holds, then for dimension reasons C/̟C is an exact sequence of k-vector spaces,
which implies that H1(C/̟C) = 0 and therefore (i) holds by Nakayama’s lemma.
Part (ii) trivially implies (iii). If (iii) holds then Proposition 5.3(ii) implies that
the chain complex of k-vector spaces
0→ (Rψρ /a1)⊗O k
xn−1
−→ (Rψρ /an)⊗O k → (R
ψ
ρ /an−1)⊗O k → 0
is exact for all n ≥ 1. The snake lemma applied to the following diagram:
0→ (Rψρ /a1)⊗O k
=

xn−2
// (Rψρ /an−1)⊗O k
x

// (Rψρ /an−2)⊗O k → 0
x

0→ (Rψρ /a1)⊗O k
xn−1
// (Rψρ /an)⊗O k // (R
ψ
ρ /an−1)⊗O k → 0
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shows that for all n ≥ 1 we have
Ker((Rψρ /an−1)⊗O k
x
→ (Rψρ /an)⊗O k)
∼= Ker((Rψρ /an−2)⊗O k
x
→ (Rψρ /an−1)⊗O k).
Part (iii) applied with n = 2 says that (Rψρ /a1)⊗O k
x
→ (Rψρ /a2)⊗O k is injective.
Hence (ii) holds by an obvious induction. 
Let Qn = N/anN be as in the previous subsection. By Proposition 3.12 we have
a natural isomorphism
(10) HomC(O)(N,Qn ⊗O k) ∼= (R
ψ
ρ /an)⊗O k.
Lemma 5.7. Assume that there exist both an object Υ ∈ ModproK,ζ(O) and a con-
tinuous OJKK-linear map φ : Q1 → Υ, such that the following conditions hold:
(i) for all n ≥ 1 the map xn−1 : Q1 → Qn induces a surjection
HomcontOJKK(Qn,Υ)։ Hom
cont
OJKK(Q1,Υ);
(ii) the quotient morphism φ : Q1 ⊗O k → Υ⊗O k induces an injection
(11) HomC(O)(N,Q1 ⊗O k)
φ◦
→֒ HomcontOJKK(N,Υ⊗O k).
Then the equivalent conditions in Lemma 5.6 hold.
Proof. By (i), we can choose ψ ∈ HomcontOJKK(Qn,Υ) such that φ = ψ ◦ x
n−1. Ten-
soring with k gives the following commutative diagram
Q1 ⊗O k
xn−1
//
φ

Qn ⊗O k
ψxxqq
qq
qq
qq
qq
Υ⊗O k
.
Using this we will show that the injectivity of (11) implies the injectivity of
xn−1 : HomC(O)(N,Q1 ⊗O k)→ HomC(O)(N,Qn ⊗O k),
hence the result by the isomorphism (10) above. Indeed, let
f ∈ HomC(O)(N,Q1 ⊗O k)
be such that xn−1 ◦ f = 0, then ψ ◦ xn−1 ◦ f = 0, hence φ ◦ f = 0, which implies
f = 0 by (11). 
5.3. Proof of the main theorem. Following [38, §4] we define a left exact con-
travariant functor m 7→ Π(m) from the category of Rψρ [1/p]-modules of finite length
to the category of admissible unitary Banach space representations of G by letting
Π(m) := HomcontO (m
0⊗̂RψρN,L),
where m0 is any finitely generated Rψρ -submodule of m, such that m
0 ⊗O L ∼= m.
Lemma 5.8. If m is an (Rψρ /an)[1/p]-module of finite length then
dimLHomK(V,Π(m)) = dimLm.
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Proof. Using Chinese remainder theorem we may assume that m is supported on a
single maximal ideal n of R[1/p]. Proposition 2.22 of [40] implies that
dimLHomK(V,Π(m)) = dimLm⊗Rψρ M(Θ) = dimLm⊗R M(Θ).
Since n contains an it will contain x chosen as in §3.1.3. It follows from Proposition
3.9 that the localization of M(Θ)[1/p] at n is a free (R[1/p])n-module of rank 1.
Hence m⊗R M(Θ) ∼= m. 
Let n be a maximal ideal of R[1/p] and let κ(n) be its residue field. Since κ(n)
is a finite dimensional L-vector space we may apply the functor Π to κ(n). Then
Π(κ(n)) is a κ(n)-Banach space representation such that Vˇ(Π(κ(n))) ∼= ρunn . We
denote by Π(κ(n))alg the subspace of locally algebraic vectors in Π(κ(n)). Let us
assume that n ∈ Spec(Rψρ /a1)[1/p], where a1 is the R
ψ
ρ -annihilator ofM(Θ)/xM(Θ)
and x is chosen as in §3.1.3. Then Π(κ(n))alg is irreducible, see Remark 3.11.
Proposition 5.9. If n is as above then one of the following holds:
(i) Π(κ(n)) is an absolutely irreducible non-ordinary κ(n)-Banach space repre-
sentation;
(ii) there is a non-split exact sequence of admissible κ(n)-Banach space repre-
sentations of G:
0→ Π1 → Π(κ(n))→ Π2 → 0,
such that both Π1 and Π2 are absolutely irreducible. In this case, ρ is re-
ducible (non-split), and if ρ ∼=
(
δ2 ∗
0 δ1
)
, then Vˇ(Πi) is a character congruent
to δi modulo ̟. Moreover, Π
alg
1
∼= Π(κ(n))alg and Π
alg
2 = 0.
Proof. The claim follows from [40, Prop.4.9], which describes the structure of
Π(κ(n)) for an arbitrary maximal ideal n of R[1/p]. Note that part (ii) (b) of
that proposition can not occur as in this case Π(κ(n))alg = 0 and this would con-
tradict [40, Prop.4.12] and part (ii) (c) cannot occur as we assume (H). The last
assertion in (ii) follows from the proof of [40, Prop.4.12]. 
Recall that Rψρ /a1 is a finite free O-module of rank e by Proposition 5.3, where
e is the Hilbert–Samuel multiplicity of R/(̟). Let Π = Π(m) with m0 = Rψρ /a1,
m = (Rψρ /a1)[1/p] so that Π is an admissible unitary L-Banach space representation
of G and Π0 := HomcontO (m
0⊗̂RψρN,O) is its unit ball. Unraveling the definitions
we have
Π = HomcontO (N/a1N,L) = Hom
cont
O (Q1, L) = Hom
cont
O (R/xR⊗̂RψρN,L),
Π0 = HomcontO (N/a1N,O) = Hom
cont
O (Q1,O) = Hom
cont
O (R/xR⊗̂RψρN,O).
Lemma 5.10. The V -isotypic subspace in Πalg generates it as a G-representation.
Proof. After enlarging L, we may assume that κ(n) = L for all maximal ideals of
(Rψρ /a1)[1/p] and that each irreducible subquotient of Π
alg is absolutely irreducible.
Since (Rψρ /a1)[1/p] is of dimension e over L we may choose a filtration of length e
of (Rψρ /a1)[1/p] by submodules such that each graded piece is isomorphic to κ(n)
for some n ∈ m-Spec(Rψρ /a1)[1/p]. This induces a filtration {Πi}0≤i≤e of Π by
closed subrepresentations, such that Π0 = 0, Πe = Π and Πi/Πi−1 is isomorphic to
a closed subrepresentation of Π(κ(n)) for some n ∈ m-Spec(Rψρ /a1)[1/p].
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The subspace Πalgi of locally algebraic vectors in Πi is equal to Πi ∩ Π
alg. Since
Π(κ(n))alg is irreducible for any n ∈ m-Spec(Rψρ /a1)[1/p] by the choice of x, for all
1 ≤ i ≤ e the quotient Πalgi /Π
alg
i−1 is either zero or isomorphic to Π(κ(n))
alg. Since
HomK(V,Π(κ(n))
alg) is one dimensional by Lemma 5.8 we conclude that
dimLHomK(V,Π
alg
i /Π
alg
i−1) ≤ 1, dimLHomK(V,Π
alg
i ) ≤ i,
for all 1 ≤ i ≤ e. Since Πe = Π and HomK(V,Πalg) is e-dimensional by Lemma 5.8,
we conclude that the above inequalities are equalities. In particular, for 1 ≤ i ≤ e
we obtain an exact sequence of locally algebraic representations:
(12) 0→ Πalgi−1 → Π
alg
i → (Πi/Πi−1)
alg → 0
with (Πi/Πi−1)
alg ∼= Π(κ(ni))alg for some ni ∈ m-Spec(Rψρ /a1)[1/p].
Since HomK(V,Π(κ(n))
alg) 6= 0 and Π(κ(n))alg is irreducible Πalgi /Π
alg
i−1 is gen-
erated as a G-representation by its V -isotypical subspace. Since the category
of locally algebraic K-representations is semi-simple, we conclude that the G-
subrepresentation of Πalgi generated by the V -isotypical subspace surjects onto
Πalgi /Π
alg
i−1. Let X
′
0 be the V -isotypical subspace in Π
alg|K . Then inductively we
obtain that 〈G ·X ′0〉 surjects onto Π
alg/Πalgj for all 0 ≤ j ≤ e − 1. Since Π
alg
0 = 0
we conclude that X ′0 generates Π
alg as a G-representation. 
Lemma 5.11. Let B be the closure of Πalg in Π. If Π′ is an irreducible subquotient
of Π/B then (Π′)alg = 0.
Proof. Let Bi := B ∩Πi, where {Πi}0≤i≤e is the filtration constructed in the proof
of Lemma 5.10. Then Balgi = B
alg∩Πi = Π
alg
i . We claim that if Π
′ is an irreducible
subquotient of Πi/Bi then (Π
′)alg = 0. Since Πe = Π this implies the Lemma. The
claim is proved by induction on i using Proposition 5.9 and (12) for the induction
step. 
Lemma 5.12. Let B be the closure of Πalg in Π and let B0 be its unit ball. Then
the natural morphism
HomC(O)(N,Q1 ⊗O k)→ HomC(O)(N, (B
0 ⊗O k)
∨)
is an isomorphism.
Proof. Let Qtf1 be the maximal O-torsion free quotient of Q1. If ρ 6
∼=
(
δ ∗
0 δω
)
then
N is Rψρ -flat. Since R
ψ
ρ /a1 is O-torsion free and Q1 = N⊗̂RψρR
ψ
ρ /a1 by definition,
we deduce that Q1 = Q
tf
1 . If ρ
∼=
(
δ ∗
0 δω
)
then N is Rψρ -flat, when considered as
an object in the quotient category, obtained by quotienting out C(O) by the full
subcategory consisting of representations on which SL2(Qp) acts trivially, see [38,
Lem. 10.42, Cor. 10.43]. Hence, SL2(Qp)-acts trivially on the kernel of Q1 ։ Q
tf
1
and thus trivially on the kernel of Q1 ⊗O k ։ Qtf1 ⊗O k. Since in this case N is a
projective envelope of (IndGP ωδ ⊗ δω
−1)∨, Lemma 10.27 of [38] implies that
HomC(O)(N,Q1 ⊗O k)
∼=
−→ HomC(O)(N,Q
tf
1 ⊗O k).
Since Π0 = HomcontO (Q1,O) we have Q
tf
1
∼= (Π0)d. Thus
Qtf1 ⊗O k
∼= (Π0)d ⊗O k ∼= (Π
0 ⊗O k)
∨.
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If ρ is irreducible then it follows from Proposition 5.9 that all the irreducible
subquotients of Π have non-zero locally algebraic vectors, thus Lemma 5.11 implies
that B = Π and we are done.
Assume that ρ ∼=
(
δ2 ∗
0 δ1
)
and let Π′ be an irreducible subquotient of Π/B. It
follows from Lemma 5.11 and Proposition 5.9 (ii) that Π′ ∼= Π2 for some n ∈
Spec(Rψρ /a1)[1/p] and hence Vˇ(Π
′) is a character congruent to δ2 modulo ̟. This
implies that all the irreducible subquotients of Vˇ(((Π0/B0)⊗O k)∨) are isomorphic
to δ2.
Let φ : N → M be a non-zero homomorphism in C(O). Then some irreducible
S ∈ C(O) appearing in the G-cosocle of N will be contained as a subquotient in
the image of φ. It follows from [40, Prop.6.1, Lem 6.13], [42, Prop.2.27] that the
condition (N1) in [40, §4] is satisfied, so that we have HomcontSL2(Qp)(N,1) = 0. This
implies that SL2(Qp) does not act trivially on S and so Vˇ(S) 6= 0. Since Vˇ is an
exact functor we deduce that Vˇ(φ) : Vˇ(N)→ Vˇ(M) is non-zero. Hence, Vˇ induces
an injection HomC(O)(N,M) →֒ Hom
cont
GQp
(Vˇ(N), Vˇ(M)).
Since the extension 0 → δ2 → ρ → δ1 → 0 is non-split, HomGQp (ρ, δ2) is zero.
Since Vˇ(N) is the tautological deformation of ρ to Rψρ , the graded pieces of the
m-adic filtration on Vˇ(N) will be isomorphic as GQp -representations to a direct
sum of copies of ρ, where m is the maximal ideal of Rψρ . Hence,
HomGQp (Vˇ(N)/m
n
Vˇ(N), δ2) = 0
for all n ≥ 1 and so HomcontGQp (Vˇ(N), δ2) = 0. This implies that
HomcontGQp (Vˇ(N), Vˇ(((Π
0/B0)⊗O k)
∨)) = 0
and thus HomC(O)(N, ((Π
0/B0) ⊗O k)∨) = 0. By applying HomC(O)(N, ∗) to the
exact sequence
0→ ((Π0/B0)⊗O k)
∨ → (Π0 ⊗O k)
∨ → (B0 ⊗O k)
∨ → 0,
we see that the morphism in the statement is injective; moreover if ρ is generic,
then N is projective in C(O) and hence the injection is an isomorphism.
Now assume ρ is non-generic. After twisting by a character we may assume that
δ1 = 1 and δ2 = ω. It suffices to show
Ext1C(O)(N, ((Π
0/B0)⊗O k)
∨) = 0.
Since all the irreducible subquotients of (Π0/B0) ⊗O k are isomorphic to πα :=
IndGP ω ⊗ ω
−1, it suffices to show
Ext1C(O)(N, π
∨
α) = 0.
Since N is the universal deformation of β∨, see §3.1.2, it is enough to show that
Ext1C(O)(β
∨, π∨α) = Ext
1
G(πα, β) = 0.
This follows from [40, Lem.6.8]. 
Theorem 5.13. If τ is a principal series type then every bounded G-invariant
O-lattice of Π(κ(n))alg is finitely generated as an O[G]-module, and its reduction
modulo ̟ is of finite length. The closure of Π(κ(n))alg in Π(κ(n)) is isomorphic to
its universal unitary completion.
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Proof. In most cases the assertion follows from [4, Cor.5.3.4]. For the rest see the
proof of Proposition 6.13 in [39]. We also note that it follows from Proposition 5.9
that the closure of Π(κ(n))alg in Π(κ(n)) is equal to Π(κ(n)) if part (i) holds and is
equal to Π1 if part (ii) holds. Moreover, it follows from [40, Prop.4.9] that Π1 is a
unitary parabolic induction of a unitary character. 
Let Πalg,0 := Πalg ∩ Π0 so that it is a bounded G-invariant O-lattice of Πalg.
Let W := Symb−a−1L2 ⊗ deta. Since passing to locally algebraic vectors is a left
exact functor, it follows from [12, Thm.0.20] that Πalg ∼= πsm⊗W for some smooth
admissible L-representation πsm of G.
Proposition 5.14. Assume that τ ∼= θ ⊕ 1, with θ a smooth character of Z×p of
conductor c. Set c′ := max{1, c} and consider the diagram X = (X0, X1, id) where
X0 := (π
sm)Kc′ ⊗W, X1 := (π
sm)Ic′ ⊗W.
Then the following hold:
(i) There is a G-equivariant isomorphism H0(X) ∼= Πalg.
(ii) We have a G-equivariant isomorphism Πalg,0 ⊗O k ∼= H0(X ) ⊗O k, where
X = (X0,X1, id) := X ∩ Π0.
Proof. (i) By [45, Thm.V.1], it suffices to show that X0 generates Π
alg as a G-
representation. If θ = 1 then σcr(τ) is the trivial representation of K. If θ 6= 1 then
σcr(τ) = IndKJc θ ⊗ 1, where Jc denotes the subgroup
( Z×p Zp
pcZp Z
×
p
)
and the character
θ ⊗ 1 maps
(
a b
c d
)
to θ(a). In both cases Kc′ acts trivially σ
cr(τ) and hence the V -
isotypic subspace of Πalg is contained in X0 and the assertion follows from Lemma
5.10.
(ii) Let {Πi}0≤i≤e is the filtration constructed in the proof of Lemma 5.10. Let
Π0i := Πi ∩ Π
0 and Πalg,0i := Π
alg
i ∩ Π
0. Since the Banach space representations
Πi are admissible Π
0
i /Π
0
i−1 is an open bounded O-lattice in Πi/Πi−1, which we
may assume to be isomorphic to Π(κ(n)). Hence Πalg,0i /Π
alg,0
i−1 is a bounded G-
invariant O-lattice in Π(κ(n))alg. It follows from Theorem 5.13 that Πalg,0i /Π
alg,0
i−1
is a finitely generated O[G]-module and (Πalg,0i /Π
alg,0
i−1 )⊗O k is a G-representation
of finite length. Inductively we obtain that Πalg,0 is finitely generated as an O[G]-
module and Πalg,0 ⊗O k is a G-representation of finite length. The result then
follows from (i) and Theorem 4.6. 
Now we are ready to prove Theorem 1.1 stated in the introduction.
Theorem 5.15. Assume that EndGQp (ρ) = k and if p = 3 assume further that
ρ 6∼
( χω ∗
0 χ
)
for any character χ : GQp → k
×. Then, for any p-adic Hodge type
(w, θ1⊕θ2, ψ) with θ1 6= θ2, where θ1, θ2 : IQp → L
× are characters with open kernel,
which extend to WQp , the potentially crystalline deformation ring R
ψ,cr
ρ (w, θ1⊕ θ2)
is Cohen-Macaulay, whenever it is non-zero.
Proof. By assumption, the type τ is of the form θ1 ⊕ θ2, where θi is a smooth
character of IQp which extends toWQp . Since everything is compatible with twisting
by characters, we may assume τ is of the form θ⊕1, so that Proposition 5.14 applies.
We keep the notation introduced in the proposition and its proof.
Let Υ be X d0 , which is a quotient of (Π
0)d ∼= Q1. To prove the theorem, it suffices
to verify the conditions in Lemma 5.7 forΥ. First, we haveΠalg,0⊗Ok ∼= H0(X⊗Ok)
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by Proposition 5.14(ii) and hence a surjection c-IndGKZ X0⊗Ok ։ Π
alg,0⊗Ok. Since
the centre Z acts everywhere by the same central character the restriction map
HomG(Π
alg,0 ⊗O k,N
∨)→ HomK(X0 ⊗O k,N
∨)
is injective. Dually we obtain an injection
(13) HomC(O)(N, (Π
alg,0 ⊗O k)
∨) →֒ HomcontOJKK(N,Υ⊗O k).
Let B the closure of Πalg in Π. Then B0⊗O k ∼= Πalg,0⊗O k. It follows from Lemma
5.12 and (13) that the surjection Q1 ։ Υ induces an injection
HomC(O)(N,Q1 ⊗O k) →֒ Hom
cont
OJKK(N,Υ⊗O k),
so that part (ii) of Lemma 5.7 holds.
Since θ 6= 1 by assumption it follows from Lemma 4.7 that X0 is isomorphic to
a finite direct sum of copies of V and part (i) of Lemma 5.7 follows from Lemma
5.4. 
Remark 5.16. We have just proved that (x,̟) is a regular sequence in R, hence
(̟, x) is also a regular sequence in R. However, we don’t know a direct proof of
this fact.
6. Generic split case
Let δ1, δ2 : GQp → k
× be distinct characters. It was shown in [24, 41] that
the Breuil–Mézard conjecture for non-split representations ρ1 =
(
δ1 ∗
0 δ2
)
and ρ2 =(
δ1 0
∗ δ2
)
implies the Breuil–Mézard conjecture for the split representation ρ =
(
δ1 0
0 δ2
)
.
In view of the arguments of those papers, it is tempting to speculate that if both
rings Rψρ1(w, τ) and R
ψ
ρ2(w, τ) are Cohen–Macaulay then so is the framed poten-
tially semi-stable ring R,ψρ (w, τ). We tried to prove this using ideas connected
to [16, Ex.18.13], but ran into difficulties controlling the intersection of reducible
and irreducible loci in SpecRψρ1(w, τ). However, there is one easy case, where our
argument works: if δ1δ
−1
2 6= ω
±1 and the reducible locus is empty. If p is large then
the reducible locus is empty in most of cases, see Remark 6.6.
Lemma 6.1. Assume R,ψρ (w, τ) 6= 0. There is x ∈ m-SpecR
,ψ
ρ (w, τ)[1/p] such
that the corresponding representation ρx is reducible if and only if τ = θ1 ⊕ θ2 is
a principal series type and at least one of the characters θ1ǫ
b, θ1ǫ
a is congruent to
δ1|IQp or δ2|IQp modulo ̟, where w = (a, b).
Proof. If ρx is reducible then there is an exact sequence 0 → χ1 → ρx → χ2 → 0
of Galois representations such that χ1χ2 = ψǫ and either χ1 ≡ δ1 and χ2 ≡ δ2
modulo ̟ or χ1 ≡ δ2 and χ2 ≡ δ1 modulo ̟. Since ρx is potentially semi-stable
both characters χ1 and χ2 are potentially semi-stable and Hodge–Tate weight of
χ1 is b and Hodge–Tate weight of χ2 is a. This is forced upon us if ρx is non-split
and we may assume that if ρx is split. Hence, χ1ǫ
−b and χ2ǫ
−a have open kernel
and if we let θ1 = χ1ǫ
−b|IQp and θ2 = χ2ǫ
−a|IQp then the Galois type of ρx is
isomorphic to θ1 ⊕ θ2. Hence, either θ1ǫb ≡ δ1|IQp or θ1ǫ
b ≡ δ2|IQp (mod ̟). We
note that det ρx = χ1χ2, hence θ1θ2ǫ
a+b ≡ δ1δ2|IQp (mod ̟). So that θ2ǫ
b ≡ δ1|IQp
(mod ̟) if and only if θ1ǫ
a ≡ δ2|IQp (mod ̟) and θ2ǫ
b ≡ δ2|IQp (mod ̟) if and
only if θ1ǫ
a ≡ δ1|IQp (mod ̟). For the converse direction using class field theory
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extend characters θ1ǫ
b and θ2ǫ
a to characters χ1, χ2 of GQp such that χ1χ2 = ψε.
Then the split representation χ1 ⊕ χ2 will give the required maximal ideal. 
Definition 6.2. The reducible locus in SpecR,ψρ (w, τ)[1/p] is empty if ρx is an
irreducible representation of GQp for all x ∈ m-SpecR
,ψ
ρ (w, τ)[1/p].
Lemma 6.3. Let (A,m) be a local noetherian ring, let B = A[[x, y]]/(xy − c) with
c ∈ m. If A is Cohen–Macaulay then B is also Cohen–Macaulay.
Proof. By letting z = x − y we obtain B = A[[y, z]]/(y2 + zy − c). Thus B is a
free A[[z]]-module of rank 2 with basis 1, y. If a1, . . . , ad is a regular system of
parameters for A then a1, . . . , ad, z is a regular system of parameters for B. 
Proposition 6.4. Assume that δ1δ
−1
2 6= ω
±1, R,ψρ (w, τ) 6= 0 and the reducible
locus in SpecR,ψρ (w, τ)[1/p] is empty. Then R
ψ
ρ1(w, τ)
∼= Rψρ2 (w, τ) and
R,ψρ (w, τ)
∼= Rψρ1(w, τ)[[x, y, z, w]]/(xy − c)
for an element c in the maximal ideal of Rψρ1(w, τ). In particular, if R
ψ
ρ1(w, τ) is
Cohen–Macaulay then R,ψρ (w, τ) is Cohen–Macaulay.
Proof. The first assertion follows from [41, Lem.6.4, 6.5] by noting that the assump-
tion that the reducible locus is empty implies that the ideals denoted by Ips1 , I
ps
2 ,
Iver1 , I
ver
2 in [41] are unit ideals and [41, Rem.7.4], which says that the framed defor-
mation ring is formally smooth of relative dimension 2 over the versal deformation
ring. The last assertion follows from Lemma 6.3. 
Theorem 6.5. Let τ = θ1 ⊕ θ2 be a principal series type with θ1 6= θ2 and let
w = (a, b) with a < b. Assume that δ1δ
−1
2 6= ω
±1 and θ1 is not congruent modulo
̟ to any of the four characters δ1ω
−a, δ1ω
−b, δ2ω
−a, δ2ω
−b. If R,ψρ (w, τ) 6= 0
then it is Cohen–Macaulay.
Proof. Lemma 6.1 and the assumption on θ1 implies that the reducible locus is
empty. If R,ψρ (w, τ) 6= 0 then R
ψ
ρ (w, τ) 6= 0 by Proposition 6.4. Since Theorem
5.15 implies that Rψρ (w, τ) is Cohen–Macaulay we deduce from Proposition 6.4 that
R,ψρ (w, τ) is Cohen–Macaulay. 
Remark 6.6. If we fix Hodge–Tate weights w = (a, b) and a character ψ : GQp →
O× such that ψǫ ≡ δ1δ2 (mod ̟) and ψǫ−b−a−1 has open kernel then it follows
from the Breuil–Mézard conjecture proved in this case in [31], [42] that R,ψρ (w, τ) 6=
0 for any principal series type τ = θ1 ⊕ θ2, such that θ1θ2ǫa+b = ψǫ|IQp and the
conductor of θ1θ
−1
2 is at least 2. Let c be the conductor of ψǫ
−b−a−1. Hence,
if the conductor of θ is at least max(2, c + 1) and we let τ = θ ⊕ θ−1ψǫ−b−a−1
then R,ψρ (w, τ) 6= 0 and conversely all principal series types τ with the conductor
c(τ) ≥ max(c + 1, 2) such that R,ψρ (w, τ) 6= 0 are of the form θ ⊕ θ
−1ψǫ−b−a−1
as above. So we are free to choose θ as we like provided its conductor is large and
Theorem 6.5 applies if we avoid 4 out of possible p − 1 congruence classes for θ
modulo ̟.
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7. Further discussions
We go back to the setting in Section 3 and discuss some other properties of poten-
tially semi-stable deformation rings related to the Cohen-Macaulayness. The nota-
tion is as in Section 3. In particular, ρ : GQp → GL2(k) is such that EndGQp (ρ) = k
and if p = 3, then we assume that ρ 6∼
(
δω ∗
0 δ
)
, for any character δ : GQp → k
×.
Let (w, τ, ψ) be a fixed p-adic Hodge type, V = σ(w, τ) (resp. σcr(w, τ)), and
R = Rψρ (w, τ) (resp. R
ψ,cr
ρ (w, τ)) the corresponding potentially semi-stable (resp.
crystalline) deformation ring.
7.1. Cyclicity of the moduleM(Θ). Inspired by the results of [15] we investigate
the following question.
Question 7.1. Does there exist a K-invariant O-lattice Θ inside V such that M(Θ)
becomes a cyclic module over R?
A positive answer to this question would imply our main Theorem 5.15: since R
acts faithfully on M(Θ), we would deduce that M(Θ) is a free R-module of rank
1, hence Theorem 1.1 would follow from [40, Lem.2.33] which says that M(Θ) is
a Cohen-Macaulay module. We show in Theorem 7.5 below that this is the case
if we consider crystalline deformations with small Hodge–Tate weights, so that
V = Symb−a−1L2 ⊗ deta with 1 ≤ b− a ≤ 2p. In the next subsection we will show
that these rings are complete intersection when ρ is generic. It is not clear to us
whether Θ can be chosen so that the module M(Θ) is cyclic in general.
By Nakayama’s lemma,M(Θ) is a cyclic R-module if and only ifM(Θ)/mRM(Θ)
is a cyclic k-module, which holds if and only if
(C) dimk HomK(Θ/̟Θ, (k⊗̂RψρN)
∨) ≤ 1.
The above dimension is equal to 0 if and only if M(Θ) = R = 0. To ease the
notation we let
κ(ρ) := (k⊗̂RψρN)
∨.
If ρ is either irreducible or ρ ∼
(
δ2 ∗
0 δ1
)
with δ−11 δ2 6= ω
±1 then κ(ρ) is what Colmez
calls atome automorphe attached to ρ in [12, VII.4], if ρ ∼
(
δω ∗
0 δ
)
then κ(ρ) is the
representation denoted by β in [40, §6.2], if ρ ∼
(
δ ∗
0 δω
)
then the structure of κ(ρ)
is discussed in [11, Prop.6.21, Rem.6.22, 7.6].
Definition 7.2. A Serre weight of ρ is a smooth irreducible representation σ of K
such that
HomK(σ, κ(ρ)) 6= 0.
Let D(ρ) denote the set of Serre weights of ρ.
Up to normalization, the above definition of Serre weights of ρ coincides with the
usual one given in [10]. We refer to [40, Rem.6.2, 6.3], [42, Rem.2.29] and the proof
of [40, Prop.6.20] for the description of D(ρ). We write V for the semi-simplification
of Θ/̟Θ for any K-invariant O-lattice Θ ⊂ V and JH(V ) the set of Jordan-Hölder
factors of V . The above discussion gives the following simple criterion for M(Θ) to
be cyclic.
Lemma 7.3. If, taking into account of multiplicities, JH(V ) contains at most one
Serre weight of ρ, then M(Θ) is a cyclic R-module.
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Proof. By the above discussion, it suffices to note that in all cases the K-socle
of κ(ρ) is multiplicity free. Indeed, if ρ is generic, this follows from [40, Rem.6.2,
6.3], [42, Rem.2.29]; if ρ is non-generic, this follows from the proof of [40, Prop.6.20],
where the representation κ(ρ) is denoted by β. 
We will use Lemma 7.3 to show that crystalline deformation rings in small HT-
weights are Cohen-Macaulay, which can be regarded as a complement of our main
theorem. We need the following results of Breuil [5] and Morra [34,35]. We assume
p ≥ 3 because this is imposed in [34, 35].
Theorem 7.4. Assume p ≥ 3. Let π be an absolutely irreducible smooth admissible
k-representation of G.
(i) Assume π is a supersingular representation. Then
(1) viewed as an I-representation, πI1 is isomorphic to θ ⊕ θs for some
smooth character θ : I → k× where θs : I → k× is the character
obtained by conjugating θ by
(
0 1
p 0
)
;
(2) socK(π) is always of length 2 and is isomorphic to (Ind
K
I θ)
ss; more-
over,
(π/socK(π))
K1 ∼= IndKI θα⊕ Ind
K
I θ
sα.
where α : I → k× is the character sending
(
a b
pc d
)
to ad
−1
;
(3) for any smooth character θ′ : I → k× such that θ′ 6= θ′s, there exists
no K-equivariant embedding IndKI θ
′ →֒ π; moreover
dimk HomK(Ind
K
I θ
′, π) ≤ 1.
(ii) Assume π = IndGP χ is a principal series, then π
K1 ∼= IndKI χ and
(π/πK1)K1 ∼= IndKI χα.
(iii) Assume π = Sp⊗χ◦det is a special series representation, where Sp denotes
the Steinberg representation, then socK(π) = π
K1 ∼= Symp−1k2 ⊗ χ ◦ det
and
(π/socK(π))
K1 ∼= IndKI χα.
Proof. (i) (1) is just [5, Cor.4.1.4] and (2) is a consequence of [34, Thm.1.1]. For
(3), the first statement follows from [35, Thm.1.4] which determines πK1 ; note that
the assumption θ′ 6= θ′s ensures that IndKI θ
′ is indecomposable (see [8, §2]). The
second statement follows from (1) by Frobenius reciprocity.
(ii) This is a consequence of [34, Thm.1.2]. More precisely, in loc. cit. the socle
filtration of π|K is determined, from which we can determine π
K1 and (π/πK1)K1 .
(iii) As in (ii), this is a consequence of [34, Thm.1.2]. 
Theorem 7.5. Assume p ≥ 3. Let w = (a, b) with 1 ≤ b − a ≤ 2p and τ = 1⊕ 1.
Assume R = Rψ,crρ (w, τ) is non-zero. Then there exists a K-invariant O-lattice
Θ in V = σcr(w, τ) such that M(Θ) is a cyclic R-module. In particular, R is
Cohen-Macaulay.
Proof. After twisting by a character we may assume a = 0. Then the representation
V is just Symb−1L2 with 1 ≤ b ≤ 2p. It admits a natural K-invariant O-lattice,
i.e. Symb−1O2, whose mod ̟ reduction is Symb−1k2. We first recall from [21]
and [6, §5.1] some results about the structure of Symb−1k2.
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(o) By [21, (3.3), p.434], Symb−1k2 is injective as a k-representation of GL2(Fp)
if p | b, and is a direct sum of an injective representation and a non-injective
indecomposable representation otherwise.
(a) If 1 ≤ b ≤ p, Symb−1k2 is irreducible.
(b) If b = p + 1, then Sympk2 is of length 2, uniserial and fits into an exact
sequence
0→ Sym1k2 → Sympk2 → Symp−2k2 ⊗ det→ 0;
moreover Sympk2 ∼= IndKI (1 ⊗ ω) as K-representations. In fact, the exact
sequence is established in [6, §5.1], which must be non-split by (o); since
Ext1GL2(Fp)(Sym
p−2k2 ⊗ det, Sym1k2) is 1-dimensional and IndKI (1⊗ ω)
∼=
Ind
GL2(Fp)
P (Fp)
(1 ⊗ ω) indeed provides such a non-split extension, we get the
desired isomorphism.
(c) If p + 2 ≤ b ≤ 2p− 2, then Symb−1k2 is of length 3 and fits into an exact
sequence
(14) 0→ (Symb−2−pk2 ⊗ det)⊕ Symb−pk2 → Symb−1k2
→ Sym2p−1−bk2 ⊗ detb−p → 0;
which is indecomposable by (o). Moreover, one shows that the cokernel of
(Symb−2−pk2 ⊗ det →֒ Symb−1k2) is isomorphic to IndKI (1⊗ ω
b−p) by the
same argument as in part (b) .
(d) If b = 2p − 1, the exact sequence (14) in (c) still holds, except that the
factor Symb−pk2 = Symp−1k2 is injective, so that Symb−1k2 is the direct
sum of Symp−1k2 and a non-injective representation which is a non-split
extension of Sym0k2 by Symp−3k2 ⊗ det.
(e) If b = 2p, then Sym2p−1k2 is injective as a GL2(Fp)-representation by (o),
and is isomorphic to the injective envelope of Symp−2k2 ⊗ det by writing
down its Jordan-Hölder factors. Moreover, from [8, §2, §3] and using (b)
we have two exact sequences
(15) 0→ Symp−2k2 ⊗ det→ Sym2p−1k2 → Sympk2 → 0
(16) 0→ IndKI (ω ⊗ 1)→ Sym
2p−1k2 → Symp−2k2 ⊗ det→ 0.
We first treat the case when ρ is irreducible. In this case κ(ρ) is just the repre-
sentation π defined in §3.1.1, which is a supersingular representation. Moreover, ρ
always has two Serre weights, which arise as the mod ̟ reduction of a characteristic
zero principal series of GL2(Fp). We treat separately the above five cases (a)-(e).
(a) In this case we take Θ to be any K-invariant O-lattice in V , and the result
follows from Lemma 7.3.
(b) In this case, R is non-zero if and only if D(ρ) = {Sym1k2, Symp−2k2⊗det}.
We take Θ = Symb−1O2 and need verify (C). Since Sympk2 ∼= IndKI (1⊗ω)
and 1⊗ ω 6= (1⊗ ω)s, (C) holds by Theorem 7.4(i)(3).
(c) If Symb−2−pk2 ⊗ det ∈ D(ρ), we take Θ to be any K-invariant O-lattice in
V and the result follows from Lemma 7.3. If
D(ρ) = {Symb−pk2, Sym2p−1−bk2 ⊗ detb−p},
then we take Θ = Symb−1O2 and apply the same argument as in (b).
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(d) If b = 2p − 1, the situation is different from (c) since ωb−p = 1; we
take Θ to be the lattice constructed in Lemma 7.7(i) below. To check
the condition (C) let f : Θ/̟Θ → π be a non-zero K-equivariant mor-
phism. Since socK(π) = Sym
0k2 ⊕ Symp−1k2, if f is not injective, then
it must factor as Θ/̟Θ ։ Sym0k2 →֒ π; moreover this indeed gives a
non-zero element in HomK(Θ/̟Θ, π). Therefore, to verify (C), it suf-
fices to show any f : Θ/̟Θ → π can not be injective. Indeed, since
socK(π) = Sym
0k2 ⊕ Symp−1k2 and socK(Θ/̟Θ) = Sym
p−1k2 by con-
struction, if f were injective, we would get an embedding
A1 →֒ π/socK(π)
where A1 is defined by (18) below. But this would contradict Theorem
7.4(i)(2).
(e) In this case R is non-zero if and only if D(ρ) = {Sym1k2, Symp−2k2 ⊗
det}. We take Θ = Sym2p−1O2. To verify (C), let f : Sym2p−1k2 →
π be a non-zero K-equivariant morphism. First note that f can not be
injective. Otherwise the restriction of f to IndKI (ω ⊗ 1) would give an
embedding IndKI (ω ⊗ 1) →֒ π, which would contradict Theorem 7.4(i)(3)
since ω ⊗ 1 6= (ω ⊗ 1)s (recall p ≥ 3). Second, using (15) and the case
(b), the image of f can not be Sympk2, hence must be Symp−2k2⊗ det. In
other words, any f : Θ/̟Θ → π vanishes on IndKI (ω ⊗ 1) via (16). Since
dimk HomK(Sym
p−2k2 ⊗ det, π) = 1, (C) is verified.
Next assume ρ is reducible. The set D(ρ) of Serre weights of ρ consists of
{Sym0k2, Symp−1k2} if ρ is peu ramifié or ρ ∼
( ωχ2 ∗
0 χ1
)
with χ1, χ2 distinct un-
ramified characters, and consists of one single element otherwise. This already
treats the cases (a), (b), (c) and the très ramifié case in (d) using Lemma 7.3,
because it is easy to check that |JH(V ) ∩D(ρ)| = 1 (recall p ≥ 5).
In case (d), we may assume ρ is peu ramifié or ρ ∼
( ωχ2 ∗
0 χ1
)
with χ1, χ2 distinct
unramified characters. We will verify (C) with Θ the lattice constructed in Lemma
7.7(i) below. Recall that
- if ρ is peu ramifié, the G-representation κ(ρ) is uniserial of length 3 with
Jordan-Hölder factors being Sp,1, πα, where πα := Ind
G
P ω ⊗ ω
−1, see [40,
§6.2] where κ(ρ) is denoted by β.
- if ρ ∼
( ωχ2 ∗
0 χ1
)
with χ1, χ2 distinct unramified characters, κ(ρ) is of length
2 and of the form 0→ π → κ(ρ)→ π′ → 0, where π, π′ are both principal
series with π an unramified one, see [38, §8] and [40, §6.1].
We observe that, although κ(ρ) are not isomorphic as G-representations in the
above two cases, their restrictions to K are closely related: we have π′|K ∼= πα|K
and π|K ∼= π1|K , where π1 := Ind
G
P 1⊗1 which is isomorphic to a non-split extension
of Sp by 1. By Lemma 7.7(i), we know
HomK(Θ/̟Θ, Sp) = HomK(Θ/̟Θ, πα) = 0,
hence in both cases HomK(Θ/̟Θ, κ(ρ)) →֒ HomK(Θ/̟Θ,1). Since the latter
space is one-dimensional, (C) is verified.
Now we treat the last case (e) (for ρ reducible). IfD(ρ) = {Sym1k2}, we takeΘ to
be any K-invariant O-lattice and apply Lemma 7.3. Assume D(ρ) = {Symp−2k2⊗
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det} in the rest. Since ρ is generic, κ(ρ) fits in a non-split extension
0→ π → κ(ρ)→ π′ → 0
where π, π′ are both principle series representations with K-socle isomorphic to
Symp−2k2 ⊗ det. Moreover, πK1 ∼= π′K1 ∼= IndKI ω ⊗ 1 as K-representations, and
we have an exact sequence of K-representations:
0→ Symp−2k2 ⊗ det→ IndKI ω ⊗ 1→ Sym
1k2 → 0.
Since p ≥ 3, Theorem 7.4(ii) implies that
HomK(Sym
p−2k2 ⊗ det, π/πK1) = 0.
Therefore the natural morphism
γ : Ext1K,ζ(Sym
p−2k2 ⊗ det, πK1)→ Ext1K,ζ(Sym
p−2k2 ⊗ det, π)
is injective. We claim that γ is an isomorphism. By [8, Thm.7.16(ii)], the second
space has dimension 2 over k, so it suffices to show
dimk Ext
1
K,ζ(Sym
p−2k2 ⊗ det, πK1) = 2.
For this we construct explicitly two linearly independent extension classes: c1 comes
from Sym2p−1k2 (see (16)) and c2 comes from the push-out of a non-zero extension
in Ext1K,ζ(Sym
p−2k2 ⊗ det, Symp−2k2 ⊗ det) which does exist by Lemma 7.7(ii)
below. Because K1 acts trivially on c1 and not trivially on c2, they are linearly
independent and actually span the k-vector space Ext1K,ζ(Sym
p−2k2⊗det, πK1) for
dimension reasons. This proves the claim. As a byproduct, we obtain
dimk Ext
1
K,ζ(Sym
p−2k2 ⊗ det, Symp−2k2 ⊗ det) = 1.
Since socK(κ(ρ)) = Sym
p−2k2 ⊗ det, the extension 0 → π → κ(ρ) → π′ →
0 induces a non-zero element in Ext1K,ζ(Sym
p−2k2 ⊗ det, π), which by the claim
equals to γ(u1c1 + u2c2) for some u1, u2 ∈ k. We observe that, since socK(κ(ρ)) ∼=
Symp−2k2 ⊗ det, κ(ρ)K1 embeds into Sym2p−1k2. Moreover, by construction of
c1, c2, we see that κ(ρ)
K1 ∼= Sym2p−1k2 if and only if u2 = 0.
Now we are ready to prove the proposition in this case. If u2 6= 0, we take
Θ = Sym2p−1O2. Since dimk HomK(Sym
p−2k2⊗det, κ(ρ)) = 1 and Symp−2k2⊗det
appears twice in Θ/̟Θ, to verify (C) it suffices to show that there does not exist
any K-equivariant embedding Sym2p−1k2 →֒ κ(ρ). But, if such an embedding
existed, Sym2p−1k2 would be contained in κ(ρ)K1 , hence is equal to κ(ρ)K1 , which
contradicts the assumption u2 6= 0. If u2 = 0, then we take Θ to be the O-lattice
constructed in Lemma 7.7(ii) below. Again, to check (C), we only need to show
that there does not exist any K-equivariant embedding Θ/̟Θ →֒ κ(ρ). Let f be
such an embedding. The image of f can not be contained in π: otherwise, since
(Θ/̟Θ)K1 = Symp−2k2 ⊗ det, we would get an embedding
Symp−2k2 ⊗ det →֒ (Θ/̟Θ)/(Θ/̟Θ)K1 →֒ π/πK1
which would contradict Theorem 7.4(ii) since p ≥ 3. Moreover, this shows that
im(f)∩π = Symp−2k2⊗ det, hence im(f)/(im(f)∩π) ∼= Sympk2 embeds in π′ and
in fact identifies with π′K1 . This contradicts the assumption that the image of the
extension class of 0→ π → κ(ρ)→ π′ → 0 is equal to γ(u1c1) in Ext
1
K,ζ(Sym
p−2k2⊗
det, π). 
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Remark 7.6. When ρ is reducible and D(ρ) = {Symp−2k2 ⊗ det}, it would be
interesting to exactly determine κ(ρ)K1 .
Lemma 7.7. Keep the notation in Theorem 7.5 and its proof.
(i) If b = 2p− 1, there exists a K-invariant O-lattice Θ ⊂ V such that Θ/̟Θ
is uniserial with socle and cosocle being respectively Symp−1k2 and Sym0k2.
Moreover,
(17) HomK(Θ/̟Θ, Sp) = HomK(Θ/̟Θ, πα) = 0.
(ii) If b = 2p, there exists a K-invariant O-lattice Θ ⊂ V such that Θ/̟Θ
is uniserial, with socle and cosocle being respectively Symp−2k2 ⊗ det and
Sym1k2. In particular, Ext1K,ζ(Sym
p−2k2 ⊗ det, Symp−2k2 ⊗ det) 6= 0.
Proof. First observe that, since V is an irreducible K-representation over L, the
same proof as in [12, Prop.VII.4.8] shows that if V contains a K-invariant O-
lattice whose mod ̟ reduction is a (possibly split) extension of A2 by A1 for some
A1, A2 ∈ Mod
sm
K (k), then there exists another K-invariant O-lattice such that its
mod ̟ reduction is a non-split extension of A1 by A2.
(i) The natural lattice Sym2p−2O2 has mod ̟ reduction isomorphic to A1⊕A2,
where A2 = Sym
p−1k2 and A1 is the unique non-split extension
(18) 0→ Symp−3k2 ⊗ det→ A1 → Sym
0k2 → 0.
The above observation implies the existence of a lattice Θ such that Θ/̟Θ is a
non-split extension of A1 by A2, i.e. the class of Θ/̟Θ in Ext
1
K(A1, A2) is non-zero.
In particular, Θ/̟Θ admits Symp−1k2 as a sub-representation and Sym0k2 as a
quotient. Using the fact Ext1K(Sym
0k2, Symp−1k2) = 0 by [8, Cor.5.6], we see that
the induced extension between Symp−3k2 ⊗ det and Symp−1k2 must be non-split.
ThereforeΘ/̟Θ is uniserial, with socle being Symp−1k2 and cosocle being Sym0k2.
We now prove (17). If f ∈ HomK(Θ/̟Θ, Sp) is non-zero then it is injective, as
socK(Sp) = Sym
p−1k2. Hence f induces an injection A1 →֒ Sp/socK(Sp), which
contradicts Theorem 7.4(iii). If f ∈ HomK(Θ/̟Θ, πα) is non-zero then f must
factor through A1 →֒ πα, since socK(πα) ∼= Sym
p−3k2 ⊗ det. This contradicts
Theorem 7.4(ii).
(ii) Let A2 = Sym
p−2k2 ⊗ det and A1 be the unique non-split extension 0 →
Symp−2k2 ⊗ det→ A1 → Sym
1k2 → 0. The natural lattice Sym2p−1O2 has a mod
̟ reduction of the form
0→ A1 → Sym
2p−1k2 ⊗ det→ A2 → 0.
So by the observation, we get another lattice Θ whose mod ̟ reduction fits in a
non-split extension
0→ A2 → Θ/̟Θ→ A1 → 0.
Using the fact that Ext1K(Sym
1k2, Symp−2k2⊗det) is of dimension 1 over k, see [8,
Cor.5.6], one checks that Θ satisfies the desired properties. 
7.2. Gorensteinness. It is natural to ask if the ring R is Gorenstein or a complete
intersection ring. We first note that these properties often coincide in our situation.
Proposition 7.8. Assume that Rψρ is formally smooth over O. For any p-adic
Hodge type (w, τ) such that Rψρ (w, τ) is non-zero, the ring R
ψ
ρ (w, τ) is Gorenstein
if and only if it is a complete intersection.
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Proof. It follows from a theorem of Serre which says that if A is a regular local ring
and J ⊂ A is an ideal of codimension 2, then A/J is Gorenstein if and only if A/J
is a complete intersection, see [16, Cor.21.20]. 
Proposition 7.9. Let B be the closure in the Banach space HomcontO (N/xN,L)
of the G-subrepresentation generated by the V -isotypic subspace. If R is Cohen–
Macaulay then R is Gorenstein if and only if
dimk HomG(B
0 ⊗O k, κ(ρ)) = 1.
Proof. Since R is Cohen-Macaulay by assumption, (x,̟) is a regular sequence in
R by Lemma 5.5. So R is Gorenstein if and only if R/(x,̟) is Gorenstein, which
holds if and only if
dimk HomRψρ (k,R/(x,̟)) = 1.
It follows from the definition of a1 that Banach spaces Hom
cont
O (N/xN,L) and
HomcontO (N/a1N,L) have the same V -isotypic subspace. Hence B coincides with B
in Lemma 5.12. We have isomorphisms
HomG(B
0 ⊗O k, κ(ρ)) ∼= HomC(O)(k⊗̂RψρN, (B
0 ⊗O k)
∨)
∼= HomC(O)(k⊗̂RψρN,Q1 ⊗O k)
∼= HomRψρ (k,R
ψ
ρ /(a1, ̟)).
(19)
Indeed, the first isomorphism is obtained by taking Pontryagin dual, the second is
obtained by taking the isomorphism in Lemma 5.12 and taking m-torsion, and the
third follows from Corollary 3.13. It follows from Lemma 5.5(iii) that Rψρ /(a1, ̟) =
R/(x,̟). 
Remark 7.10. Although it looks pretty, the criterion in Proposition 7.9 is rather
hard to check in practice. For example, if we are in the setting of Theorem 5.15
then we know that R is Cohen–Macaulay and it follows from Proposition 5.14 that
the representation B0 ⊗O k is isomorphic to H0(X ) ⊗O k, thus we have an exact
sequence:
0→ HomG(B
0 ⊗O k, κ(ρ))→ HomR0(X0 ⊗O k, κ(ρ))→ HomR1(X1 ⊗O k, κ(ρ)).
Now X0 is just the lattice in the V -isotypic subspace of Hom
cont
O (N/xN,L) induced
by the natural norm on this space. Determining this lattice explicitly when the
multiplicity is large seems to be a very hard question.
If ρ is generic then N is projective in C(O). In this case, we are able to give
another criterion for R to be Gorenstein using information from O-lattices in V .
Before stating it, we prove the following lemma.
Lemma 7.11. Assume N is projective in C(O). Let Q ∈ C(O) be a quotient of
N/xN . Then HomC(O)(N,Q) is a cyclic R
ψ
ρ -module and the natural morphism
HomC(O)(N/xN,Q)→ HomC(O)(N,Q)
is an isomorphism.
Proof. Since N is projective in C(O), applying HomC(O)(N, ∗) to the natural com-
posite map r : N ։ N/xN ։ Q gives a surjection:
(20) HomC(O)(N,N)→ HomC(O)(N,Q)→ 0.
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Since Rψρ
∼= EndC(O)(N), this implies that HomC(O)(N,Q) is a cyclic R
ψ
ρ -module.
Using again (20), we can lift any ι ∈ HomC(O)(N,Q) to y ∈ R
ψ
ρ = EndC(O)(N),
and get the following diagram
0 // N
x
//
y

N
y

ι

❅❅
❅❅
❅❅
❅❅
0 // N
x
// N
r
// Q // 0
which is commutative as Rψρ is a commutative ring. Then we see that ι ◦ x = 0
since r ◦ x = 0. 
Proposition 7.12. Assume that ρ is generic and that there exist both aK-invariant
O-lattice Θ in V and an OJKK-linear injective morphism θ : Θ/̟Θ →֒ (N/xN)∨
such that the following conditions are satisfied:
(i) dimk HomK(Θ/̟Θ, κ(ρ)) = 1;
(ii) if we let W be the G-subrepresentation generated by the image of θ, then
[W ss : π], the multiplicity of π in W ss, is equal to e. Here recall that π is
the k-representation of G defined in §3.1.1.
Then R is Gorenstein.
Proof. As discussed in §7.1, the assumption (i) ensures that M(Θ) is a free R-
module of rank 1 and R is Cohen-Macaulay. Therefore (x,̟) is a regular sequence
in R by Lemma 5.5, and R is Gorenstein if and only if R/(x,̟) is Gorenstein if
and only if we have an isomorphism
Homk(R/(x,̟), k) ∼= R/(x,̟)
of R-modules. The isomorphism R ∼=M(Θ) implies that this is again equivalent to
Homk(M(Θ)/(x,̟), k) being a cyclic R-module. Since
M(Θ)/(x,̟) ∼= Homk
(
HomcontOJKK(N/(x,̟),Θ
d/̟Θd), k
)
we obtain that
Homk(M(Θ)/(x,̟), k) ∼= Hom
cont
OJKK(N/(x,̟), (Θ/̟Θ)
∨).
We claim that the following composite map is an isomorphism of Rψρ -modules:
(21) f : HomC(O)(N/(x,̟),W
∨)→ HomcontOJKK(N/(x,̟),W
∨)
→ HomcontOJKK(N/(x,̟), (Θ/̟Θ)
∨),
where the first map is the restriction fromG-equivariant morphisms toK-equivariant
morphisms. By definition of W , f is injective. On the other hand, let d1 and d2 be
respectively the dimension over k of the first and last term in (21). Then d2 = e
by Theorem 3.3(iii). By Lemma 7.11, the natural morphism
HomC(O)(N/(x,̟),W
∨)
∼
−→ HomC(O)(N,W
∨)
is an isomorphism. Since N is a projective envelope of π∨ in C(O), we have
dimk HomC(O)(N,W
∨) = [W ss : π], so d1 = e by the assumption (ii). This proves
the claim and the proposition follows from Lemma 7.11. 
Proposition 7.13. Assume ρ is generic. Let w = (a, b) with 1 ≤ b − a ≤ 2p and
τ = 1⊕ 1. Then R is Gorenstein whenever non-zero.
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Proof. We use the notation in §7.1. First note that if e ≤ 2, then R is Gorenstein
since the local ring R/(̟, x) is of length 2 as a module over itself.
Since ρ is assumed to be generic, the only case when e ≥ 3 is that b−a = 2p and
ρ is irreducible with D(ρ) = {Sym1k2, Symp−2k2 ⊗ det}; moreover we have exactly
e = 3. LetΘ = Sym2p−1O2, so that Θ/̟Θ is of length 3, isomorphic to the injective
envelope of Symp−2k2 ⊗ det in the category of finite dimensional k-representations
of GL2(Fp). Since (N/xN)
∨ is injective in ModsmK,ζ(O) and HomK(Sym
p−2k2 ⊗
det, (N/xN)∨) 6= 0, there exists a K-equivariant injection θ : Θ/̟Θ →֒ (N/xN)∨.
Let W be the sub-representation generated by im(θ). Since ρ is irreducible as
remarked above, π is a supersingular representation of G and [38, Prop.5.42] implies
that all the irreducible subquotients of W are isomorphic to π.
We claim that W has length 3. To show this, we first observe that any non-zero
morphism Sym2p−1k2 → π vanishes on IndKI (ω ⊗ 1) by the proof of Theorem 7.5,
hence factors as
Θ/̟Θ
pr
։ Symp−2k2 ⊗ det →֒ π,
where pr is the natural projection in (16). This implies that W has length > 1,
otherwise θ would induce an injection Θ/̟Θ →֒ π. If W has length 2, i.e.
0→ π1 →W → π2 → 0,
with π1 ∼= π2 ∼= π, then by the observation again we get
im(θ) ∩ π1 = ker(pr) = Ind
K
I (ω ⊗ 1).
But this contradicts Theorem 7.4(i) since ω ⊗ 1 6= (ω ⊗ 1)s. This proves the claim
and finishes the proof by Proposition 7.12. 
Proposition 7.14. Let w and τ be arbitrary and let m be the maximal ideal of R.
If dimkm/(̟,m
2) ≤ 2 then R ∼= O[[x, y]]/(ye + ae−1ye−1 + · · ·+ a0), where ai lie
in the maximal ideal of O[[x]]. In particular, R is a complete intersection ring.
Proof. It follows from the construction of x in Theorems 3.3, 3.5 that its image in
m/(̟,m2) ≤ 2 is non-zero. If dimk m/(̟,m2) = 1 then since x is M(Θ)-regular,
we deduce that R ∼= O[[x]]. Let us assume that dimk m/(̟,m2) = 2 and let y ∈ R
be an element, such that the images of x and y build a k-basis of m/(̟,m2). Thus
we have a surjection O[[x, y]] ։ R. Since M(Θ) is a free O[[x]]-module of rank e,
by fixing a basis we may represent the action of y onM(Θ) by a matrix with entries
in O[[x]]. If ye+ ae−1ye−1+ · · ·+ a0 is the characteristic polynomial of that matrix
then, since R acts faithfully on M(Θ), we deduce that the surjection O[[x, y]]։ R
factors through the surjection C := O[[x, y]]/(ye + ae−1ye−1 + · · · + a0) ։ R.
Since y lies in m it acts on M(Θ)/(̟, x) nilpotently. This implies that ai are
contained in the maximal ideal of O[[x]]. Now C/(̟) is a complete intersection
ring of dimension 1 with Hilbert–Samuel multiplicity equal to e. Since it cannot
have embedded prime ideals any proper 1-dimensional quotient of C/(̟) will have
a strictly smaller Hilbert–Samuel multiplicity. This implies that the surjection
C ։ R induces an isomorphism modulo ̟, and hence is an isomorphism. 
Corollary 7.15. Assume that ρ is generic. Let w = (a, b) with 1 ≤ b−a ≤ 2p and
τ = 1⊕ 1. If R is non-zero then R ∼= O[[x, y]]/(ye + ae−1ye−1+ · · ·+ a0), where ai
lie in the maximal ideal of O[[x]].
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Proof. Proposition 7.13 implies that R/(̟, x) is Gorenstein and the dimension
of R/(̟, x) as a k-vector space is equal to e, which is 1, 2 or 3. In all the
cases, dimk m/(̟, x,m
2) = 1. This is obvious if e = 1 or e = 2. If e = 3
then dimkm/(̟, x,m
2) = 2 would imply that m2 is zero in R/(̟, x) and hence
HomR(k,R/(̟, x)) ∼= m/(̟, x,m
2) is 2-dimensional, which contradicts Gorenstein-
ness of R/(̟, x). The assertion follows from Proposition 7.14. 
8. Global applications
Let F be a totally real field in which p splits completely, let Σ and S be finite
sets of places of F containing all the places above p and all the archimedean places,
such that Σ ⊂ S. We fix an algebraic closure F of F . Let GF,S be the absolute
Galois group of the maximal extension of F in F which is unramified outside S. Let
ρ : GF,S → GL2(k) be a continuous irreducible representation, which we assume
to be modular. We will combine the result of the local part together with the
results of Jack Shotton [47], §B concerning the potentially semi-stable deformation
rings at ℓ 6= p to prove that certain quotients of the universal deformation ring of
ρ parameterizing deformations which are potentially semistable of a given inertial
type at v ∈ Σ and given Hodge–Tate weights at v | p are O-torsion free. The
strategy of the proof, given the local results, is well known, see for example [49, §5]
or Remark after Lemma 4.6 in [26]. However, the result has not been stated in the
generality that we prove it here, since the Cohen–Macaulayness of local potentially
semi-stable deformation rings was known only in a few cases. We will then explain
that these quotients are reduced. This is a byproduct of Kisin’s approach to Taylor–
Wiles method. This will allow us to upgrade Kisin’s R[1/p] = T[1/p] theorem to
an integral version R = T.
8.1. Presentations of global deformation rings. Let χcyc : GF,S → O× be the
global p-adic cyclotomic character. Let ψ : GF,S → O× be a continuous character
such that ψχcyc is congruent to det ρ modulo ̟. If p = 2 then we additionally
assume that ψ is totally even, which means that its restriction to GFv is trivial
for all archimedean places v. If p > 2 then this follows from the assumption on
modularity of ρ.
For each place v of F we fix an algebraic closure F v of Fv and an embedding
F →֒ F v, which extends the embedding F →֒ Fv. This induces a continuous
homomorphism of Galois groups GFv →֒ GF ։ GF,S . This allows us to consider ρ
as a representation of GFv .
We fix a basis of the underlying k-vector space V of ρ. For each v ∈ S let Rv be
the universal framed deformation ring of ρv := ρ|GFv and let R
,ψ
v be the quotient
of Rv parameterizing deformations of determinant ψχcyc. We fix a subset Σ of the
set of finite places in S, which contains all the places above p and all the infinite
places. Let R,ψΣ := ⊗̂v∈ΣR
,ψ
v , where the completed tensor product is taken over
O.
We define RψF,S to be the quotient of the universal deformation ring of ρ, pa-
rameterizing deformations with determinant ψχcyc. Denote by R
,ψ
F,S the complete
local O-algebra representing the functor which assigns to an artinian, augmented
O-algebra A the set of isomorphism classes of tuples {VA, βw}w∈Σ, where VA is a
deformation of ρ to A with determinant ψχcyc and βw is a lift of a chosen basis
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of Vk to a basis of VA. The map {VA, βw}w∈Σ 7→ {VA, βv} induces a homomor-
phism of O-algebras R,ψv → R
,ψ
F,S for every v ∈ Σ and hence a homomorphism of
O-algebras R,ψΣ → R
,ψ
F,S .
Let ad ρ be the GF -representation obtained by letting GF act on Endk(V ) by
conjugation and let ad0(ρ) be the subspace of endomorphisms having trace zero.
We note that ad ρ ∼= ρ⊗ (ρ)∗ as GF -representations, and hence (ad ρ)∗ ∼= ad ρ.
Lemma 8.1. Let ζp be a primitive p-th root of unity. If p > 2 and ρ|GF (ζp) is
absolutely irreducible then H0(GF , (ad
0 ρ)∗(1)) = 0.
Proof. Since the restriction of ρ to GF (ζp) is absolutely irreducible by assumption,
HomGF(ζp)(ρ, ρ) is one dimensional. This implies that HomGF (ρ, ρ⊗χ) = 0 for any
non-trivial character χ : GF /GF (ζp) → k
×. Since p > 2 the cyclotomic character is
not trivial modulo ̟ and thus H0(GF , (ad ρ)
∗(1)) is zero. Since p > 2, ad0 ρ is a
direct summand of ad ρ. Thus H0(GF , (ad
0 ρ)∗(1)) is also zero. 
Proposition 8.2. If Σ 6= S or H0(GF , (ad
0 ρ)∗(1)) = 0 then for some non-negative
integer r there is an isomorphism of R,ψΣ -algebras:
R,ψF,S
∼= R
,ψ
Σ [[x1, . . . , xr+|Σ|−1]]/(f1, . . . , fr),
where f1, . . . , fr ∈ R
,ψ
Σ [[x1, . . . , xr+|Σ|−1]].
Proof. This follows from [28, Prop.4.1.5] as we will now explain. Since all the
infinite places of F lie in Σ the integer denoted by s in [28, Prop.4.1.5] is zero.
Moreover, as explained in loc. cit. our assumptions imply that the map denoted
by (†) in [28, Prop.4.1.5] is injective, hence the conditions of [28, Prop.4.1.5] are
satisfied. 
Proposition 8.3. For each v ∈ Σ let R
,ψ
v be an equidimensional, O-torsion free
quotient of R,ψv such that its dimension is 5 if v | p, 3 if v | ∞ and 4 otherwise.
Assume that the conditions of Proposition 8.2 hold and that the deformation problem
defined by R
,ψ
v does not depend on the framing. Let
R
,ψ
Σ := ⊗̂v∈ΣR
,ψ
v , R
,ψ
F,S := R
,ψ
Σ ⊗R,ψΣ
R,ψF,S ,
and let R
ψ
F,S be the image of R
ψ
F,S under the natural map R
ψ
F,S → R
,ψ
F,S → R
,ψ
F,S ,
where the first arrow is obtained by forgetting the framing.
If R
ψ
F,S is a finitely generated O-module then its rank is at least 1 and every
irreducible component of SpecR
,ψ
Σ contains a point of m-SpecR
ψ
F,S[1/p]. If we
additionally assume that R
,ψ
v is Cohen–Macaulay for all v ∈ Σ then R
ψ
F,S is O-
torsion free.
Proof. The ring R
,ψ
F,S parameterises all the framed deformations of ρ satisfying the
local deformation conditions imposed at v ∈ Σ. Proposition 8.2 implies that
(22) R
,ψ
F,S
∼= R
,ψ
Σ [[x1, . . . , xr+|Σ|−1]]/(f1, . . . , fr),
where f1, . . . , f r ∈ R
,ψ
Σ [[x1, . . . , xr+|Σ|−1]] are the images of f1, . . . , fr of Propo-
sition 8.2 under the natural map. By forgetting the framing we obtain a map
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RψF,S → R
ψ,
F,S , which induces an isomorphism
R,ψF,S
∼= R
ψ
F,S [[y1, . . . , y4|Σ|−1]].
Since the local deformation conditions at v ∈ Σ do not interfere with framing we
have:
(23) R
,ψ
F,S
∼= R
ψ
F,S [[y1, . . . , y4|Σ|−1]].
Since R
,ψ
v is O-torsion free for all v ∈ Σ it follows from Lemma A.1 that the
Krull dimension of R
,ψ
Σ is equal to
1 +
∑
v∈Σ
dimR
,ψ
v [1/p] = 1 + 4
∑
v|p
1 + 2
∑
v|∞
1 + 3(|Σ| −
∑
v|p
1−
∑
v|∞
1) = 3|Σ|+ 1,
where in the last equality we have used the assumption that F is totally real and p
splits completely in F . It follows from (22) that dimR
,ψ
F,S ≥ 4|Σ| and (23) implies
that dimR
ψ
F,S ≥ 1. Since R
ψ
F,S is a finitely generated O-module by assumption, we
deduce that the rank of R
ψ
F,S as an O-module is at least 1.
Choose elements fr+1, . . . , fr+4|Σ|−1 ∈ R
,ψ
Σ [[x1, . . . , xr+|Σ|−1]] which map to
elements y1, . . . , y4|Σ|−1 via the isomorphisms (22) and (23). Since
(24) R
ψ
F,S
∼= R
,ψ
Σ [[x1, . . . , xr+|Σ|−1]]/(f1, . . . , f r+4|Σ|−1)
and R
ψ
F,S is a finitely generated O-module of rank at least 1, we deduce that
f1, . . . , f r+4|Σ|−1, ̟ is a system of parameters in R
,ψ
Σ [[x1, . . . , xr+|Σ|−1]]. Since
R
,ψ
v are equidimensional for all v ∈ Σ, Lemma A.1 implies that R
,ψ
Σ is equidimen-
sional, and hence the same holds for the formal power series ring over R
,ψ
Σ . Lemma
3.9 of [42] implies that every irreducible component of SpecR
,ψ
Σ [[x1, . . . , xr+|Σ|−1]]
contains a maximal ideal of R
ψ
F,S[1/p]. Since every irreducible component of
SpecR
,ψ
Σ [[x1, . . . , xr+|Σ|−1]]
is of the form V (p[[x1, . . . , xr+|Σ|−1]]) for a minimal prime p of R
,ψ
Σ , we deduce
that every irreducible component of SpecR
,ψ
Σ meets SpecR
ψ
F,S [1/p].
If R
,ψ
v is Cohen–Macaulay for each v ∈ Σ then R
,ψ
Σ is also Cohen–Macaulay.
The proof of this claim, which we leave as an exercise for the reader, uses that
the rings R
,ψ
v are O-torsion free, which implies that the functor ⊗̂OR
,ψ
v is exact.
Since a system of parameters in a Cohen–Macaulay ring is a regular sequence by [32,
Theorem 17.4], it follows from (24) that ̟ is R
ψ
F,S-regular, and so R
ψ
F,S is O-torsion
free. 
8.2. Global potentially semi-stable deformation rings. We will now specify
the quotients R
,ψ
v in Proposition 8.3.
If v is infinite then we let R
,ψ
v = R
,ψ
v . Let c ∈ Gal(C/R) be the complex
conjugation. If p > 2 then the assumption that ρ is modular implies that det ρ(c) =
−1, hence ψ(c) = 1. Then R
,ψ
v
∼= O[[x, y, z]]/((1 + x)2 + yz − 1) ∼= O[[y, z]] and
the universal framed deformation is given by sending c to the matrix
(
1+x y
z −1−x
)
.
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If p = 2 then ψ is totally even by assumption and R,ψv is an integral domain of
dimension 3, which is a complete intersection ring, and hence Cohen–Macaulay,
see [29, Prop.2.5.6].
For each finite v ∈ Σ we fix a semisimple representation τv : IFv → GL2(L),
where Iv is the inertia subgroup of GFv .
If v ∤ p we let R
,ψ
v be the maximal reduced and p-torsion free quotient of
R,ψv all of whose L-points give rise to representations ρ of GFv , such that the
semisimplification of the restriction of ρ to IFv is isomorphic to τv. If R
,ψ
v is non-
zero then it is equidimensional of dimension 4 and the irreducible components of
R
,ψ
v [1/p] are formally smooth, [43, Thm.4.1.1]. The ring R
,ψ
v is Cohen–Macaulay
by [47, §5.5] in the case p > 2 and by Theorem B.1 proved by Jack Shotton in the
appendix below in the case p = 2.
For each v | p we additionally fix a pair of integers wv = (av, bv) with av < bv.
We letR
,ψ
v be the maximal reduced and p-torsion free quotient ofR
,ψ
v all of whose
L-points give rise to representations ρ of GFv , which are potentially semistable of
type (wv, τv, ψ). If R
,ψ
v is non-zero then R
,ψ
v is equidimensional of dimension
5 by [30, Thm.3.3.4]. If EndGFv (ρ) = k then R
,ψ
v is formally smooth of relative
dimension 3 over Rψρv (wv, τv). Thus if we are in the setting of Theorems 5.15, 6.5
then R
,ψ
v is Cohen–Macaulay.
Once we have specified the quotients R
,ψ
v for all v ∈ Σ we let R
,ψ
Σ , R
,ψ
F,S and
R
ψ
F,S be as in Proposition 8.3. We will refer to R
ψ
F,S as a global potentially semi-
stable deformation ring. We will show that R
ψ
F,S is a finitely generated O-module
and R
ψ
F,S[1/p] is reduced.
8.3. Odd primes. In this subsection we assume that p > 2. We further assume
that ρ is modular, the restriction of ρ to GF (ζp) is irreducible, if p = 5 then we
further assume that the projective image of ρ|GF (ζp) is not isomorphic to A5 and if
p = 3 then we further assume ρv 6∼
( χω ∗
0 χ
)
for any character χ : GFv → k
× and for
any v | p. We note that Lemma 8.1 implies that the assumptions in Proposition
8.2 are satisfied.
Proposition 8.4. The ring R
ψ
F,S is a finitely generated O-module.
Proof. If wv = (0, 1) for all v | p then the assertion follows from Lemma 4.4.3(3)
of [20]. We will deduce the general case from this result and (a weak form of) the
geometric Breuil–Mézard conjecture proved in [14, 24, 40].
We fix a place v | p. Let θv,1, θv,2 : IFv → L
× be smooth characters such that
θv,1θ2,v = ψ|IFv . We view θv,1 and θv,2 as characters of O
×
Fv
= Z×p via the class
field theory. Let c be the smallest integer such that θv,1θ
−1
v,2 is trivial on 1 + p
cZp.
We assume that c ≥ 2. Let Jc =
(
Z×p Zp
pcZp Z
×
p
)
, K = GL2(Zp) and θv : Jc → L×
be the character
(
x y
z w
)
7→ θv,1(x)θv,2(w). The representation σ(τv) := Ind
K
Jc θv has
the following property: if π is an irreducible smooth L-representation of GL2(Qp)
then HomK(σ(τ), π) 6= 0 if and only if r|IQp
∼= τv := θv,1 ⊕ θv,2, where r is the
Weil–Deligne representation corresponding to π via the classical local Langlands
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correspondence. The central character of σ(τv) is equal to θv|Z×p . Let us choose aK-
invariant O-lattice in σ(τv) and let σ(τv) be the semi-simplification of its reduction
modulo ̟. Since c ≥ 2 it follows from [37, Lem.A.3] that every irreducible k-
representation σ of K with central character congruent to θv|Z×p modulo ̟ occurs
as a subquotient of σ(τv). In particular, the Serre weights corresponding to ρv will
also occur as subquotients of σ(τv).
Let R˜,ψv be the maximal reduced, p-torsion free quotient of R
,ψ
v all of whose L-
points give rise to representations of GFv , which are potentially semistable of type
((0, 1), τv, ψ). It follows from the geometric Breuil–Mézard conjecture proved in
[14,24,40] that R˜,ψv 6= 0 and for all potentially semi-stable deformation rings R
,ψ
v
the underlying topological space of SpecR
,ψ
v /(̟) is contained in the underlying
topological space of Spec R˜,ψv /(̟). We define the ring R˜
ψ
F,S in the same way as
the ring R
ψ
F,S with the same deformation conditions at v ∤ p, but setting wv = (0, 1)
and τv = θv,1 ⊕ θv,2 as above for every v | p.
If A is a commutative ring, B is an A-algebra and a1, a2 are ideals of A such
that V (a1) ⊂ V (a2) in SpecA then V (a1B) ⊂ V (a2B) in SpecB as V (aB) is
the preimage of V (a) in SpecB. Combining this observation with the local re-
sults explained above we obtain an inclusion of the underlying topological spaces
SpecR
ψ
F,S/(̟) ⊂ Spec R˜
ψ
F,S/(̟) in SpecR
ψ
F,S . Since R˜
ψ
F,S is a finitely generated
O-module by Lemma 4.4.3(3) of [20], where we take both subsets Σ and Σ′ in
loc. cit. to be empty, the underlying topological space of Spec R˜ψF,S/(̟) consists
only of the maximal ideal of RψF,S. This implies that R
ψ
F,S/(̟) is a finite dimen-
sional k-vector space and Nakayama’s lemma for compact O-modules implies that
R
ψ
F,S is a finitely generated O-module. 
Proposition 8.5. The ring R
ψ
F,S [1/p] is reduced.
Proof. We may assume that R
ψ
F,S [1/p] is non-zero. If wv = (0, 1) for all v | p then
the result follows from [20, Lem.4.4.3(3)]. We will explain how to modify the proof
of loc. cit. so that the result holds in general.
We will first reduce the proof to the case when [F : Q] is even. Let F ′ be a
totally real quadratic extension of F linearly disjoint from F
ker ρ
(ζp) over F such
that p splits completely in F ′. Let S′ be the set of places of F ′ above S and let
ψ′ be the restriction of ψ to GF ′ . The composition GF ′ → GF ։ GF,S factors
through GF ′,S′ . Let N be the image of GF ′,S′ in GF,S . Then N is an open normal
subgroup of GF,S of index 1 or 2. In particular, the index is not divisible by p. The
inflation-restriction exact sequence implies that restriction induces an injection
H1(GF,S , ad
0 ρ) →֒ H1(N, ad0 ρ).
Since the action of GF ′,S′ on ad
0 ρ factors through the action of N we have
B1(N, ad0 ρ) = B1(GF ′,S′ , ad
0 ρ), Z1(N, ad0 ρ) ⊂ Z1(GF ′,S′ , ad
0 ρ).
Hence, the group homomorphism GF ′,S′ ։ N induces an injection
H1(N, ad0 ρ) →֒ H1(GF ′,S′ , ad
0 ρ).
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We conclude that the group homomorphism GF ′,S′ → GF,S induces an injection
H1(GF,S , ad
0 ρ) →֒ H1(GF ′,S′ , ad
0 ρ).
The restriction to GF ′ induces a homomorphism of local O-algebras R
ψ′
F ′,S′ → R
ψ
F,S.
The injection on the H1-groups above implies that the map induces a surjection
on tangent spaces, and hence the map is surjective. For each v ∈ Σ and each w | v
we let τw := τv|F ′w . Moreover, for each v ∈ Σ such that v | p and each w | v we
let ww = wv. The surjection R
ψ′
F ′,S′ ։ R
ψ
F,S ։ R
ψ
F,S factors through the map
R
ψ′
F ′,S′ → R
ψ
F,S. We conclude that this map and hence the map R
ψ′
F ′,S′ [1/p] →
R
ψ
F,S [1/p] are surjective. Since both rings are zero dimensional by Proposition 8.4,
if R
ψ′
F ′,S′ [1/p] is reduced, so is R
ψ
F,S[1/p]. The degree [F
′ : Q] is even as F ′ is a
quadratic extension of F .
Let us assume that [F : Q] is even and let D be the quaternion algebra with
centre F , which is split at all finite and is ramified at all infinite places. We fix a
maximal order OD of D, and an isomorphism (OD)v ∼=M2(OFv ) at each finite place
v. Let A∞F be the ring of finite adeles over F . Let U =
∏
v Uv be a compact open
subgroup of (D⊗F A∞F )
× such that Uv = (OD)×v for all v ∈ Σ and all v 6∈ S, except
for one carefully chosen place v1 6∈ S in [20, §4.3.2], where Uv1 is the subgroup of
(OD)
×
v1
∼= GL2(OFv1 ) consisting of elements which are upper triangular unipotent
modulo v1. If v ∈ S \ Σ is a finite place then we choose Uv to be an open compact
subgroup of (OD)v, which is small enough in a sense to be made precise below.
If v is a finite place and τv : IFv → GL2(L) is a representation with an open
kernel then we let σ(τv) be a smooth irreducible L-representation of GL2(OFv )
defined as in [47, §3.2] following [23]. If τv is scalar, so that τv ∼= θv ⊕ θv, then
we let σ(τv) be the inflation of the Steinberg representation of GL2(kv) twisted by
θv ◦ det.
If v ∈ S \Σ is a finite place then there are only finitely many τv : IFv → GL2(L)
such that there is a lift ρ : GFv → GL2(L) of ρ|GFv such that the semi-simplification
of ρ|IFv is isomorphic to τv, [47, Lem.3.7, 3.8]. In this case we choose Uv to be an
open subgroup of (OD)×v , which is contained in the kernel of σ(τv) for each τv as
above.
For every v | p we let σ(wv, τv) = Sym
bv−av−1L2 ⊗ detav ⊗σ(τv). We fix a Uv-
invariant O-lattice Lv in σ(τv) if v ∤ p and in σ(wv, τv) if v | p. Then L := ⊗v∈ΣLv
is a free O-module of finite rank with a continuous action of U , where each factor
Uv acts trivially if v 6∈ Σ and on the factor Lv if v ∈ Σ. The central character of L
is equal to the restriction of ψ to U ∩ (A∞F )
×.
We let Sτ (U,O) be the set of continuous functions f : D
×\(D ⊗F A
∞
F )
× → L
such that for g ∈ (D ⊗F A∞F )
× we have f(gu) = u−1f(g) for all u ∈ U and
f(gz) = ψ−1(z)f(g) for all z ∈ (A∞F )
×. Then Sτ (U,O) is a free O-module of
finite rank. Let TunivS,O = O[Tv, Sv]v 6∈S,v 6=v1 be a commutative polynomial ring in
the indicated formal variables. Then Sτ (U,O) is naturally a TunivS,O -module with Tv
acting as a Hecke operator corresponding to the double coset Uv
(
̟v 0
0 1
)
Uv and Sv
acting as a Hecke operator corresponding to the double coset Uv
(
̟v 0
0 ̟v
)
Uv. Let T
be the image of TunivS,O in EndO(Sτ (U,O)). It follows from [51, Lem.1.3(1)] that the
action of T[1/p] on Sτ (U,O)⊗O L is semi-simple.
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There is a continuous representation ρmod : GF,S → GL2(T ⊗O L), such that
for each v 6∈ S we have tr ρmod(Frobv) = Tv and det ρmod(Frobv) = SvNv, where
Nv denotes the number of elements in the residue field of v and Frobv is the
arithmetic Frobenius, see [51, §1] or [19, §5.2] for a nice exposition. Let m be a
maximal ideal of TunivS,O generated by ̟ and all elements, which reduce modulo
̟ to Tv − tr ρ(Frobv), SvNv − det ρ(Frobv) for all v 6∈ S. Let M := Sτ (U,O)m
be the localization of Sτ (U,O) at m. We will see in the next paragraph that M
is non-zero. Hence the localization Tm is non-zero and from ρ
mod we obtain a
continuous representation ρmodm : GF,S → GL2(Tm) which reduces to ρ modulo m.
The representations obtained by specializing ρmodm at the maximal ideals of Tm[1/p]
have determinant ψχcyc and satisfy the local conditions at v ∈ Σ by the local-global
compatibility of Langlands correspondence. Since Tm is reduced and O-torsion free
we deduce that ρmodm satisfies the local conditions at v ∈ Σ and has determinant
ψχcyc. The universal property of R
ψ
F,S gives us a natural map R
ψ
F,S → Tm. This
map is surjective since the images of Tv and SvNv for v 6∈ S will be equal to the
image of the trace and the determinant, respectively, of ρuniv(Frobv), where ρ
univ
is the tautological deformation of ρ to R
ψ
F,S. Thus M is naturally an R
ψ
F,S-module.
A representation ρx : GF,S → GL2(κ(x)) corresponding to a maximal ideal
x ∈ m-SpecR
ψ
F,S [1/p] is modular by [31] and [24, Thm.6.3], where the assumption
ρ|GFv 6∼ (
χω ∗
0 χ
)
for all v | p is removed, if p ≥ 5. It follows from Jacquet–Langlands
and the compatibility of local and global Langlands correspondences that x lies
in the support of M . In particular, M is non-zero. We use (24) to get a map
R
,ψ
Σ → R
ψ
F,S , which makes M into an R
,ψ
Σ -module. It follows from Propositions
8.3 and 8.4 that every irreducible component of SpecR
,ψ
Σ meets the support of
M . Moreover, the argument with purity in the proof of [20, Lem.4.4.3] shows
that every x ∈ m-SpecR
,ψ
Σ [1/p] in the support of M lies in the smooth locus of
SpecR
,ψ
Σ [1/p].
The patching argument carried out in [20, §4.4] gives a finitely generated Cohen-
Macaulay module M∞ of R∞ := R
,ψ
Σ [[x1, . . . , xg]], an M∞-regular sequence of
elements y1, . . . , yh ∈ R∞ such that dimR∞ = h+1, a surjection of R
,ψ
Σ -algebras
(25) R∞/(y1, . . . , yh)։ R
ψ
F,S ,
and an isomorphism of R∞-modules M∞/(y1, . . . , yh)M∞ ∼= M . Every irreducible
component of SpecR∞ will contain a smooth point in the support of M , since
we have already established this for SpecR
,ψ
Σ and the irreducible components of
SpecR∞ are of the form V (p[[x1, . . . , xg]]), where p is a minimal prime ideal of
R
,ψ
Σ . Since R∞ is reduced and dimM∞ = h+ 1 = dimR∞ we conclude that R∞
acts faithfully on M∞. It follows from Lemma 8.6 below applied with A = R∞,
M = M∞, x1 = p, xi = yi−1 for 2 ≤ i ≤ h + 1 that R
ψ
F,S [1/p] is equal to
R∞/(y1, . . . , yh)[1/p], which is reduced. 
Lemma 8.6. Let A be a local noetherian ring. Let M be a finitely generated
Cohen-Macaulay faithful A-module. Let x1, . . . , xd be a system of parameters of A.
Assume
(1) (M/(x2, . . . , xd)M)[1/x1] is a semi-simple A[1/x1]-module;
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(2) the localization An is regular, for every maximal ideal n of A[1/x1] in the
support of (M/(x2, . . . , xd)M)[1/x1].
Then A/(x2, . . . , xd)[1/x1] is reduced and it acts on (M/(x2, . . . , xd)M)[1/x1] faith-
fully.
Proof. For every n in (2) Mn is a finitely generated Cohen–Macaulay module over
a regular ring An. Auslander–Buchsbaum implies that Mn is free of finite rank
over An. This yields that (M/(x2, . . . , xd)M)n is finitely generated and free over
(A/(x2, . . . , xn))n. It follows from (1) that (A/(x2, . . . , xn))n is reduced. Since
A/(x2, . . . , xd)[1/x1] is artinian, we have an injection
A/(x2, . . . , xd)[1/x1] →֒
∏
n
A/(x2, . . . , xd)n.
So A/(x2, . . . , xd)[1/x1] is reduced. Since M is a faithful A-module, the support
of (M/(x2, . . . , xd)M)[1/x1] is equal to SpecA/(x2, . . . , xd)[1/x1]. Since the ring is
reduced this implies that the action is faithful. 
Remark 8.7. In this subsection we have followed the notation of [20] and [31], so
that R∞ is by definition a formal power series ring over Rloc, which is a completed
tensor product of local deformation rings. In particular, it is not clear a priori
that (25) is an isomorphism. In the next subsection we will follow the notation
of [26, 29, 42], and R∞ will denote the projective limit of the finite rings that we
patch. In particular, the analog of (25), see (27), is an isomorphism.
Theorem 8.8. In addition to the hypotheses made in the beginning of the subsec-
tion, assume that the following hold:
(1) R
,ψ
v 6= 0 for each v ∈ Σ;
(2) if v | p then τv ∼= θ1,v ⊕ θ2,v, for distinct characters θ1,v, θ2,v : Iv → L×
with open kernel, which extend to WFv ;
(3) for each v | p either EndGFv (ρ) = k or ρ|GFv ∼
(
δ1 0
0 δ2
)
, such that δ1δ
−1
2 6=
1, ω±1 and θ1,v is not congruent modulo ̟ to any of the four characters
δ1ω
−av , δ1ω
−bv , δ2ω
−av , δ2ω
−bv .
Then R
ψ
F,S is reduced and is a finite free O-module of rank at least 1.
Proof. Theorems 5.15, 6.5 and [47, §5.5] show that the hypothesis of Proposition
8.3 are satisfied in this case and hence R
ψ
F,S is a finite free O-module of rank at
least 1. Hence R
ψ
F,S injects into R
ψ
F,S [1/p], which is reduced by Proposition 8.5. 
8.4. Even primes. In this subsection we assume that p = 2, so that L is a finite
extension of Q2. We will prove a similar result as in the case when p is odd by
replacing the patching argument of [20] with [42], which is based on [29] and [26].
We assume throughout that ρ : GF,S → GL2(k) is modular and the image of ρ
is non-solvable. We also assume that the character ψ : GF,S → O×, which we
fixed at the beginning of §8 is totally even, which means that its restriction to GFv
is trivial for all archimedean places v. The argument is slightly different to the
previous subsection: we will first prove the result, when the ramification of ρ is
minimal by appealing to the results of [42], and then deduce the general case from
it. The following proposition will allow us to verify that R
ψ
F,S is a finitely generated
O-module after replacing F by a finite extension.
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Proposition 8.9. Let F ′ be a finite Galois extension of of F and let S′ be the
set of places of F ′ above S. Assume that EndGF ′ (ρ) = k. Then the natural map
RψF ′,S′ → R
ψ
F,S, induced by restricting deformations of ρ to GF ′ , makes R
ψ
F,S into
a finitely generated RψF ′,S′-module.
Proof. Let m′ be the maximal ideal of RψF ′,S′ . It follows from Lemma 3.6 of [27] that
it is enough to show that the image of GF,S → GL2(R
ψ
F,S) → GL2(R
ψ
F,S/m
′RψF,S)
is finite. Since GF ′,S′ is of finite index in GF,S and it gets mapped to the finite
subgroup ρ(GF ′,S′), we are done. 
Lemma 8.10. Let v be a finite place not dividing 2. Assume that ρ|GFv is unram-
ified. Let R
,ψ
v (resp. R
,ψ,ur
v ) be the maximal reduced and 2-torsion free quotient
of R,ψv all of whose L-points give rise to representations ρ of GFv , such that
ρ|IFv ∼
(
1 ∗
0 1
)
(resp. ∼
(
1 0
0 1
)
). Let V (p) be an irreducible component of SpecR
,ψ
v .
Then one of the following holds:
(i) R
,ψ
v /p = R
,ψ,ur
v is formally smooth over O of relative dimension 3;
(ii) the eigenvalues of ρ(Frobv) are equal and R
,ψ
v /p = R
,ψ
v (γ) is of relative
dimension 3 over O, where γ : GFv → O
× is an unramified character such
that γ2 = ψ and R,ψv (γ) is the maximal reduced and 2-torsion free quotient
of R,ψv all of whose L-points give rise to representations ρ of GFv , such
that ρ ∼
( γχcyc ∗
0 γ
)
.
Moreover, if the eigenvalues of ρ(Frobv) are distinct then R
,ψ
v = R
,ψ,ur
v .
Proof. Let x ∈ m-SpecR
,ψ
v [1/2] and let ρ : GFv → GL2(κ(x)) be the correspond-
ing Galois representation. If the image of IFv is trivial then x lies in SpecR
,ψ,ur
v .
Assume that the image of IFv is non-trivial. Since ρ is unramified at v, the action
of GFv on any deformation of ρ factors through the quotient isomorphic to Z2 ⋊ Ẑ,
where Z2 is identified with the maximal pro-2 quotient of the tame inertia, and if
we further quotient out by it, then Ẑ is identified with the absolute Galois group
of the residue field of Fv. If we let σ be a topological generator of Z2 and φ be the
topological generator of Ẑ which maps to Frobv in GFv/IFv , then φσφ
−1 = σqv ,
where qv is the number of elements in the residue field of Fv. Since τv is trivial
and ρ is ramified after conjugation we may assume that ρ(σ) =
(
1 1
0 1
)
. The relation
ρ(φ)ρ(σ) = ρ(σ)qvρ(φ) can be written as(
a b
c d
)(
1 1
0 1
)
=
(
1 qv
0 1
)(
a b
c d
)
,
and is equivalent to c = 0 and a = qvd. Thus ρ ∼
( γχcyc ∗
0 γ
)
, where γ is an
unramified character with γ(Frobv) = d. Since det ρ = ψχcyc we conclude that
γ2 = ψ. Hence, x lies in SpecR,ψv (γ).
The characteristic polynomial of ρ(Frobv) is congruent modulo ̟ to the char-
acteristic polynomial of ρ(φ), which is equal to x2 − d(1 + qv)x + d2qv. Since qv
is odd we deduce that ρ(Frobv) has equal eigenvalues. Hence if the eigenvalues of
ρ(Frobv) are distinct we conclude that R
,ψ
v = R
,ψ,ur
v .
It is shown in [29, Prop.2.5.3] that R,ψ,urv is formally smooth over O of relative
dimension 3. Hence, if the eigenvalues of ρ(Frobv) are distinct then p = 0 and we
are in part (i) of the Lemma. Let us assume that the eigenvalues of ρ(Frobv) are
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equal. Since χcyc is trivial modulo 2, it follows from [29, Prop.2.5.2] that R
,ψ
v (γ)
is an integral domain of relative dimension 3 over O. Let pur and pγ be the kernels
of R
,ψ
v ։ R
,ψ,ur
v and R
,ψ
v ։ R
,ψ
v (γ), respectively. There are exactly two
unramified characters γ such that γ2 = ψ, which we denote by γ1 and γ2. We
have shown that m-SpecR
,ψ
v [1/2] is contained in the union of V (pur), V (pγ1) and
V (pγ2). Since R
,ψ
v is O-torsion free and R
,ψ
v [1/2] is Jacobson, we deduce that
R
,ψ
v is equidimensional of relative dimension 3 over O, and either (i) or (ii) of the
lemma hold. 
Let Σ be a subset of S containing all the places of F above 2 and all infinite
places.
Proposition 8.11. Assume that ρ is unramified outside the places dividing 2 and
τv is trivial for all v ∈ Σ, such that v ∤ 2∞, and for all v | 2 we have ρ|GFv 6∼
( χ ∗
0 χ
)
for any character χ : GFv → k
×. Assume that the eigenvalues of ρ(Frobv) are
distinct for all v ∈ S \ Σ. Let
R
,ψ
S := (⊗̂v∈ΣR
,ψ
v )⊗̂O(⊗̂v∈S\ΣR
,ψ
v ).
Then every irreducible component of SpecR
,ψ
S meets m-SpecR
ψ
F,S [1/2].
Proof. Since R
,ψ
v and R
,ψ
v are equidimensional for all v ∈ S, either by Lemma
8.10, [29, Prop.2.5.6, 2.5.4] or [30, Thm.3.3.4], Lemma A.1 implies that R
,ψ
S and
R,ψS\Σ := ⊗̂v∈S\ΣR
,ψ
v are equidimensional. Let q be a minimal prime of R
,ψ
S and
for each v ∈ Σ let pv be the kernel of the natural map R
,ψ
v → R
,ψ
S /q. Then
q is also a minimal prime of (⊗̂v∈ΣR
,ψ
v /pv)⊗̂R
,ψ
S\Σ. Lemma A.1 implies that for
all v ∈ Σ, pv is a minimal prime of R
,ψ
v . Let Σ1 (resp. Σ2) be the subset of Σ
consisting of finite places not above 2 such that part (i) (resp. part (ii)) of Lemma
8.10 applied with p = pv holds. Then it is enough to prove that every irreducible
component of the ring
(⊗̂v∈Σ1R
,ψ,ur
v )⊗̂O(⊗̂v∈Σ2R
,ψ
v (γv))⊗̂O(⊗̂v|2∞R
,ψ
v )⊗̂OR
,ψ
S\Σ
contains a point of m-SpecR
ψ
S,F [1/2]. Since R
,ψ,ur
v is formally smooth over O, it
is enough to prove that every irreducible component of
(26) (⊗̂v∈Σ2R
,ψ
v (γv))⊗̂O(⊗̂v|2∞R
,ψ
v )⊗̂OR
,ψ
S\Σ
contains a point of m-SpecR
ψ
S\Σ1,F [1/2]. So without loss of generality we may
assume that Σ1 = ∅.
We note that the same argument allows us to enlarge S. If we can prove that
every irreducible component of SpecR
,ψ
S∪{v1} meets m-SpecR
ψ
F,S∪{v1}[1/2], then
since SpecR,ψ,urv1 is an irreducible component of SpecR
,ψ
v1 by [29, Prop.2.5.4],
the claim for S ∪ {v1} implies the claim for S. Thus we may assume that S \ Σ2
contains a finite place not dividing 2. It follows from Proposition 8.3 applied with
Σ = Σ2 ∪{v | 2∞} and R
,ψ
v = R
,ψ
v (γv) for v ∈ Σ2 that it is enough to prove that
R
ψ
F,S is a finitely generated O-module.
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Let F ′ be a finite totally real solvable extension of F in which 2 splits completely,
let Σ′2 and S
′ be the set of places of F ′ above the places of Σ2 and S respectively. For
each w ∈ Σ′2 let R
,ψ
w = R
,ψ
w (γw), where γw is the restriction of γv to GF ′w , where
v ∈ Σ2 such that w | v. Since the image of ρ is non-solvable, the restriction of ρ to
GF ′ remains irreducible. The composition R
ψ
F ′,S′ → R
ψ
F,S ։ R
ψ
F,S factors through
R
ψ
F ′,S′ → R
ψ
F,S. It follows from Proposition 8.9 that R
ψ
F,S is a finitely generated
R
ψ
F ′,S′-module. If we can show that R
ψ
F ′,S′ is a finitely generated O-module, then
R
ψ
F,S is also a finitely generated O-module.
By standard base change and level raising arguments, as used in the proof of [42,
Thm.3.30], we can get ourselves in the setup of [42, §3B]: we may find F ′ as above
such that both [F ′ : Q] and |Σ′2| are even, and ρ|GF ′ is congruent to a Galois
representation associated to a Hilbert eigenform g over F ′ of parallel weight 2,
which is special of conductor 1 at v ∈ Σ2 and is unramified otherwise. Let D be
the quaternion algebra with centre F ′ ramified precisely at Σ′2 and all the infinite
places. Then g corresponds to an automorphic form onD by the Jacquet–Langlands
correspondence. It is explained at the end of the proof of [42, Thm.3.30] that this
implies that the hypothesis Sσ,ψ(U,O)m 6= 0 made in [42, Cor.3.27] is satisfied.
Then the ring in (26) (with F , Σ2 and S replaced by F
′, Σ′2 and S
′ respectively)
is the quotient of the ring denoted by Rψ,S (σ) in [42] (with S replaced by S
′).
Corollary 3.27 of [42] and part (d) of [42, Prop.3.17] imply that R
ψ
F ′,S′ is a finitely
generated O-module. 
Proposition 8.12. Assume that [F : Q] is even, ρ is unramified outside the places
dividing 2 and for all v | 2 we have ρ|GFv 6∼
( χ ∗
0 χ
)
for any character χ : GFv → k
×.
Assume that the eigenvalues of ρ(Frobv) are distinct for all v ∈ S \Σ. Assume that
ρ is congruent to a Galois representation associated to a Hilbert eigenform f over
F , which is unramified outside S and either special of conductor 1 or unramified
principal series at v ∈ Σ, v ∤ 2∞.
Let R
,ψ
v be defined as in §8.2 with τv trivial for all v ∈ Σ, such that v ∤ 2∞. If
R
,ψ
v 6= 0 for all v ∈ Σ then R
ψ
F,S is a finitely generated O-module and R
ψ
F,S [1/2]
is reduced.
Proof. We will deduce the statement by modifying the patching argument in [42].
We need to carry out the modification, because in [42] at places v ∤ 2∞ we did not
work with R
,ψ
v but with certain quotients of it, corresponding to either unramified
or genuinely semi-stable components, see [42, §3B1]. This ensured that the patched
module had the same constant multiplicity on all the irreducible components, which
did not depend on the p-adic Hodge type at place above p, see [42, Lem.3.10]. It
would have been better to avoid this problem by using types at v ∤ 2∞, as is done
in [20]. For the proof of the Proposition the question of multiplicities is irrelevant
once we use the results of [42] as an input.
Let D be the quaternion algebra with the centre F ramified at all infinite places
and unramified at all finite places. If S′ is a set of places of F containing S, then
the natural map R
ψ
F,S′ → R
ψ
F,S is surjective, and so if R
ψ
F,S′ is a finitely generated
O-module such that R
ψ
F,S′ [1/2] is reduced then the same holds for R
ψ
F,S . Hence, we
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may assume that there is v1 ∈ S \ Σ such that ρ(Frobv1) has distinct eigenvalues
and v1 satisfies the conditions of [42, Lem.3.2].
We fix a maximal order OD in D and identify D ⊗F A∞F with M2(A
∞
F ) so that
(OD)v gets identified with M2(OFv ) for all finite v. Let U =
∏
v Uv be a compact
open subgroup of GL2(A
∞
F ) such that Uv = {g ∈ GL2(OFv ) : g ≡
(
∗ ∗
0 ∗
)
(mod ̟v)}
for all v ∈ Σ \ {w | 2∞}, Uv = {g ∈ GL2(OFv ) : g ≡
(
1 ∗
0 1
)
(mod ̟v)} for all
v ∈ S \ Σ, and Uv = GL2(OFv ) if v 6∈ S or v | 2.
For every v | 2 we let σ(wv, τv) = Sym
bv−av−1L2 ⊗ detav ⊗σ(τv) and fix a Uv-
invariant O-lattice Lv in σ(wv, τv). Then L := ⊗v|2Lv is a free O-module of finite
rank with a continuous action of U , which we denote by σ, where each factor Uv
acts trivially if v ∤ 2 and naturally on the factor Lv if v | 2. The central character
of σ is equal to the restriction of ψ to U ∩ (A∞F )
×. Let Sσ,ψ(U,O) denote the set
of continuous functions
f : D×\(D ⊗F A
∞
F )
× → L
such that for g ∈ (D⊗F A∞F )
× we have f(gu) = σ(u)−1f(g) for u ∈ U and f(gz) =
ψ−1(z)f(g) for z ∈ (A∞F )
×. As in the proof of Proposition 8.5 the polynomial ring
TunivS,O = O[Tv, Sv]v 6∈S acts on Sσ,ψ(U,O) by Hecke operators and we let T be the
image of TunivS,O in EndO(Sσ,ψ(U,O)). It follows from [51, Lemma 1.3 (1)] that the
action of T[1/2] on Sσ,ψ(U,O)⊗O L is semi-simple.
Let m be the maximal ideal of TunivS,O corresponding to ρ. Since D is split at all
finite places there is an automorphic form on D corresponding to f via the Jacquet–
Langlands correspondence. The assumption that ρ(Frobv) has distinct eigenvalues
at all v ∈ S\Σ implies that f is tamely ramified principal series at v ∈ S\Σ. Hence,
f gives rise to an eigenvector for TunivS,O in Sσ′,ψ′(U,O)m[1/2], for some σ
′ and ψ′.
This implies that Sσ′,ψ′(U,O)m, and hence M := Sσ,ψ(U,O)m, are non-zero, see
Lemma 3.29 and the fourth paragraph in the proof of Theorem 3.30 in [42]. As in
the proof of Proposition 8.5 we have a surjection R
ψ
F,S ։ Tm, which makes M into
an R
ψ
F,S-module.
Now we will redo the patching argument carried out in [42]. Note that we are
almost in the setting of [42, §3B], except there D was ramified at all v ∈ Σ, v ∤ 2∞
and Uv = (OD)×v for all such v, so that the ring denoted by R
ψ
F,S(σ) is the quotient
of our ring R
ψ
F,S corresponding to components described in (ii) of Lemma 8.10.
The patching argument is based on [26], [29], the details are sketched in the proof
of [42, Prop.3.22]. The output is three complete local noetherian O-algebras R′∞,
Rinv∞ , R∞ satisfying properties (P1)–(P5) of [42, §3C], where in (P1) one has to
replace the ring denoted by Rψ,S (σ) in [42] with R
,ψ
S defined in Proposition 8.11,
a finitely generated Cohen–Macaulay R∞-moduleM∞ and elements y1, . . . , yh+j in
the maximal ideal of R∞, such that ̟, y1, . . . , yh+j is a regular sequence for M∞,
(27) R∞/(y1, . . . , yh+j) ∼= R
ψ
F,S , M∞/(y1, . . . , yh+j)M∞
∼=M,
and the action of R
ψ
F,S onM given by these isomorphisms coincides with the action
defined above.
If we can show that R∞ acts faithfully on M∞, then ̟, y1, . . . , yh+j is a system
of parameters for R∞ and the above isomorphism implies that R
ψ
F,S is a finitely
generated O-module. Moreover, if we additionally can show that the support of
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M [1/2] lies in the regular locus of SpecR∞[1/2] then Lemma 8.6 implies that
R
ψ
F,S [1/2] is reduced.
This is proved by repeating the arguments of [42] with Rψ,S (σ), R
′
∞(σ), R
inv
∞ (σ),
R∞(σ) and M∞(σ) replaced with R
,ψ
S , R
′
∞, R
inv
∞ , R∞ and M∞, respectively: the
proofs of Lemmas 3.3 to 3.8 in [42] go through unchanged. This last lemma says
that if n is a maximal ideal of R∞[1/2] in the support of M then the localization
is a regular ring. Proposition 8.11 implies that every irreducible component of
SpecR
,ψ
S [[x1, . . . , xg]] meets SpecR
ψ
F,S [1/2] via the map:
R
,ψ
S [[x1, . . . , xg]]։ R
′
∞ ։ R∞ ։ R
ψ
F,S ,
where the first two arrows are given by patching in (P1) and the last is (27).
This means that the assumption analogous to the assumption of [42, Lem.3.14] is
satisfied, and since the proof of parts (i) to (iv) of that Lemma use only Lemmas
3.3 to 3.8 of [42], the conclusion continues to hold in our setting. In particular,
R∞ is O-torsion free, reduced, equidimensional and the support of M∞ meets
every irreducible component of SpecR∞. Moreover, the intersection of the support
of M∞ with each irreducible component of R∞ contains a regular point of that
component. Since the support of M∞ is a union of irreducible components of
SpecR∞ by [42, Lem.3.5], we conclude that R∞ acts faithfully on M∞. 
Lemma 8.13. Let F ′ be a finite Galois extension of F and let S′ be the set of
places of F ′ above the places in S. Assume that EndGF ′,S′ (ρ) = k, let n be a
maximal ideal of RψF,S [1/2] and let n
′ be the image of n in SpecRψF ′,S′ . Then the
ring κ(n′)⊗Rψ
F ′,S′
RψF,S is zero dimensional and reduced.
Proof. Proposition 8.9 implies that n′ is a maximal ideal of RψF ′,S′ [1/2] and the
ring κ(n′) ⊗Rψ
F ′,S′
RψF,S is zero dimensional. Let ρn be the Galois representation
corresponding to n. The n-adic completion of RψF,S [1/2], which we denote by A, can
be identified with the universal deformation ring of ρn to local artinian κ(n)-algebras
with determinant ψχcyc. The quotient κ(n
′)⊗Rψ
F ′,S′
A parameterizes deformations
of ρn, which become trivial deformations after restriction to GF ′,S′ . The tangent
space of this closed subfunctor is the κ(n)-vector space dual of the kernel of the
natural map
H1(GF,S , ad
0 ρn)→ H
1(GF ′,S′ , ad
0 ρn),
which can be calculated as H1(Gal(F ′/F ), (ad0 ρn)
GF ′,S′ ), see the proof of Propo-
sition 8.5. This group vanishes as Gal(F ′/F ) is a finite group and we work over a
field of characteristic 0. Hence, κ(n′)⊗Rψ
F ′,S′
A = κ(n), and the same holds for any
maximal ideal of RψF,S [1/2] above n
′. Hence, the localization of κ(n′) ⊗Rψ
F ′,S′
RψF,S
at any maximal ideal is a field, and so the algebra is reduced. 
Proposition 8.14. Assume that for all v | 2 we have ρ|GFv 6∼
( χ ∗
0 χ
)
for any
character χ : GFv → k
×. Assume that Σ 6= S. If R
,ψ
v 6= 0 for all v ∈ Σ then R
ψ
F,S
is a finitely generated O-module of rank at least 1 and R
ψ
F,S[1/2] is reduced.
Proof. Using Lemma 2.2 of [52] we may find a finite totally real soluble Galois
extension F ′ of F of even degree such that 2 splits completely in F ′ and ρ|GF ′ is
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unramified outside 2. After enlarging F ′ again we may assume that if v ∈ S, v ∤ 2∞
and w | v then the image of IF ′w in GL2(R
,ψ
v ) is either trivial or is isomorphic to
Zp. This implies that if f is a Hilbert eigenform over F , such that ρ ∼= ρf mod ̟
then the base change of f to F ′ will be unramified outside S′, the set of places
of F ′ above S, and either unramified or special of conductor 1 at v ∈ S′, v ∤ 2∞.
Let R
,ψ
w be the quotient of R
,ψ
w corresponding to the trivial inertial type. Since
R,ψv is reduced and O-torsion free by [48, Thm.2.5] or [22, Cor.8.3], the natural
map R,ψw → R
,ψ
v , induced by restriction of deformations to GF ′w , factors through
R
,ψ
w → R
,ψ
v . This implies that if we let R
ψ
F ′,S′ be the ring defined in §8.2 by
taking Σ = S′ and τw trivial for all finite w ∈ S′ not dividing 2 then the natural
map RψF ′,S′ → R
ψ
F,S ։ R
ψ
F,S factors through R
ψ
F ′,S′ → R
ψ
F,S . Propositions 8.9 and
8.12 imply that R
ψ
F,S is a finitely generated O-module. Proposition 8.3 implies that
its rank is at least 1.
Let A be the image of R
ψ
F ′,S′ [1/2] in R
ψ
F,S[1/2]. It follows from Proposition 8.12
that A is a product of fields. Thus it is enough to show that κ(n) ⊗A R
ψ
F,S [1/2] is
reduced for all maximal ideals n of A. This algebra is a quotient of κ(n)⊗Rψ
F ′,S′
RψF,S,
which is a product of fields by Lemma 8.13. Hence, R
ψ
F,S [1/2] is reduced. 
Remark 8.15. If Σ = S then we can still conclude that R
ψ
F,S is finitely generated
O-module and R
ψ
F,S[1/2] is reduced, but we cannot rule out that R
ψ
F,S[1/2] = 0.
Theorem 8.16. In addition to the hypotheses made in the beginning of the sub-
section, assume that Σ 6= S and that the following hold:
(1) R
,ψ
v 6= 0 for each v ∈ Σ;
(2) if v | 2 then τv ∼= θ1,v ⊕ θ2,v, for distinct characters θ1,v, θ2,v : Iv → L×
with open kernel, which extend to WFv ;
(3) for each v | 2, EndGFv (ρ) = k.
Then R
ψ
F,S is reduced and is a finite free O-module of rank at least 1.
Proof. Theorem 5.15, Theorem B.1, proved by Jack Shotton in the appendix below,
and Proposition 8.14 show that the hypothesis of Proposition 8.3 are satisfied in
this case and hence R
,ψ
F,S is a finite free O-module of rank at least 1. Hence R
ψ
F,S
injects into R
ψ
F,S[1/2], which is reduced by Proposition 8.14. 
Appendix A. Equidimensionality of completed tensor products
Let C(O) be the category of local noetherianO-algebras with residue field k which
are O-torsion free. If A,B ∈ C(O) then the completed tensor product A⊗̂OB also
lies in C(O). The purpose of the appendix is to prove the following result, the proof
of which we were not able to find in the literature.
Lemma A.1. If A and B in C(O) are both equidimensional then A⊗̂OB is equidi-
mensional of dimension dimA+ dimB − 1.
Recall that a ring of finite Krull dimension is called equidimensional if dimA =
dimA/p for all minimal primes p of A. Recall that A ∈ C(O) is called geometrically
integral if the algebra A⊗O O
′ is an integral domain for all finite extensions L′/L,
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where O′ denotes the ring of integers in L′. We note that even if both A and B are
integral domains the completed tensor product need not be an integral domain. For
example, if O = Zp, A = B = Zp[x]/(x2−p) then A⊗̂OB ∼= Zp[x, y]/(x2−p, y2−p)
and (x − y)(x + y) = 0 in A⊗̂OB. However, if both A and B are geometrically
integral then A⊗̂OB is also geometrically integral by [2, Lemma 3.3 (3)]. Moreover,
Lemma A.1 holds if A/p and B/q are geometrically integral for all the minimal
primes p of A and all the minimal primes q of B by [2, Lemma 3.3 (2), (5)]. We
will prove the lemma by reducing to this case.
Lemma A.2. If A ∈ C(O) then the minimal primes of A′ := A⊗OO′ are precisely
the prime ideals lying above the minimal primes of A. Moreover, A is equidimen-
sional if and only if A′ is equidimensional.
Proof. The algebra A′ is finite and flat over A. In particular, dimA′ = dimA and
dimA/p = dimA′/P for all primes P of A′ with p = A ∩P.
If p is a minimal prime of A then it follows from [32, Theorem 9.3 (i), (ii)]
that there is a prime P of A′ lying above p and any such P is minimal. If A′
is equidimensional then dimA/p = dimA′/P = dimA′ = dimA, and thus A is
equidimensional.
If P is a minimal prime of A′ then Going down theorem for flat extensions
implies that p := P ∩ A is a minimal prime of A. If A is equidimensional then
dimA′ = dimA = dimA/p = dimA′/P and thus A′ is equidimensional. 
Lemma A.3. If A ∈ C(O) is an integral domain then there is a number n(A) such
that for all finite extensions L′/L, A⊗O O
′ has at most n(A) minimal primes.
Proof. Since A is O-torsion free, by Cohen’s structure theorem for complete local
rings there is a subring B ⊂ A such that A is finite over B and B ∼= O[[x1, . . . , xd]],
see [32, Theorem 29.4 (iii)] and the Remark following it. Let A′ = A ⊗O O′ and
let B′ = B ⊗O O′. Then B′ ⊂ A′, A′ is finite over B′ and B′ ∼= O′[[x1, . . . , xd]].
In particular, B′ is an integral domain. If P is a minimal prime of A′ then P ∩ A
is a minimal prime of A by Lemma A.2 and hence P ∩ A = 0, as A is an integral
domain. Thus P ∩ B = 0. Since (P ∩ B′) ∩ B = 0 and B′ is an integral domain,
Lemma A.2 implies that P ∩ B′ = 0. Hence K(B′) ⊗B′ A′/P is non-zero, where
K(B′) denotes the fraction field of B′.
Let P1, . . . ,Pn be the minimal primes of A
′. Since every minimal prime ideal is
also an associated prime by [32, Theorem 6.5 (iii)] for each i there is an injection
of A′-modules A′/Pi →֒ A′. The kernel K of the map ⊕ni=1A
′/Pi → A′ is not
supported on any Pi. Hence, dimK < dimB
′ and so K(B′) ⊗B′ K = 0. Hence
the map ⊕ni=1K(B
′)⊗B′ A′/Pi → K(B′)⊗B′ A′ is injective and we conclude that
A′ can have at most dimK(B′)K(B
′) ⊗B′ A
′ minimal ideals. The dimension of
K(B′)⊗B′ A′ as K(B′)-vector space can be bounded by the number of generators
of A′ as a B′-module, which can be bounded by the number of generators of A as
a B-module. This number does not depend on the extension L′/L. 
If A ∈ C(O) is a domain with fraction field K(A) then we have injections:
A⊗O O
′ →֒ K(A)⊗O O
′ ∼= K(A)⊗L L
′.
Since L′/L is a finite separable extension K(A) ⊗L L′ is a finite product of fields
and the map induces a bijection between the minimal primes of A ⊗O O′ and the
minimal primes of K(A)⊗L L
′. In particular, we obtain:
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Lemma A.4. If A ∈ C(O) is an integral domain such that A⊗O O′ has only one
minimal prime then A⊗O O′ is an integral domain.
Lemma A.5. Let A ∈ C(O) and let L′ be a finite extension of L with the ring of
integers O′ such that the number of minimal primes of A′ := A⊗O O′ is maximal.
Then A′/P is geometrically integral for all minimal primes P of A′.
Proof. Since A is noetherian, it has only finitely many minimal primes. The min-
imal primes of A ⊗O O′ are precisely the primes lying over the minimal primes
of A. It follows from Lemma A.3 that the set of numbers of minimal primes of
A⊗O O
′ as L′ ranges over all finite extensions of L is bounded from above. Thus
we may pick an extension L′ such that this number is maximal. If P is a minimal
prime of A′ and L′′ is a finite extension of L′ with the ring of integers O′′ such that
(A′/P) ⊗O′ O′′ has more than one minimal prime then we would conclude that
A⊗O O′′ has strictly more minimal primes than A⊗O O′ contradicting the choice
of L′. Hence, (A′/P)⊗O′ O′′ has only one minimal prime and Lemma A.4 implies
that it is an integral domain. 
Proof of Lemma A.1. Let L′ be a finite extension of L with the ring of integers
O′ such that A′/P and B′/Q are geometrically integral for all the minimal primes
P of A′ and all the minimal primes Q of B′, where A′ := A ⊗O O′ and B′ :=
B ⊗O O′. The existence of such extension is granted by Lemma A.5. Since A′ and
B′ are equidimensional by Lemma A.2, it follows from [2, Lemma 3.3 (2), (5)] that
A′⊗̂O′B′ is equidimensional. Since
(A⊗̂OB)⊗O O
′ ∼= A′⊗̂O′B
′
we use Lemma A.2 again to conclude that A⊗̂OB is equidimensional.
Since B is O-flat, A⊗̂OB is a flat A-algebra, thus
dimA⊗̂OB = dimA+ dim k ⊗A (A⊗̂OB)
by [32, Thm.15.1]. The fibre ring k⊗A (A⊗̂OB) is isomorphic to B/̟B, which has
dimension equal to dimB − 1, as ̟ is B-regular. 
Appendix B. Local deformation rings for 2-adic representations of
GQl , l 6= 2. By Jack Shotton.
Let l and p be distinct primes. Let L/Qp be a finite extension with ring of
integers O, uniformiser ̟ and residue field k. Let F/Ql be a finite extension with
absolute Galois group GF , inertia group IF , and wild inertia group PF . Let P˜F be
the kernel of the maximal pro-l quotient of IF . Let q be the order of the residue
field of F . We assume that L contains all (q2 − 1)th roots of unity. Choose a
pro-generator σ of IF /P˜F and φ ∈ GF /P˜F lifting the arithmetic Frobenius element
of GF /IF . Then we have the relation
(28) φσφ−1 = σq.
If ρ : GF → GL2(k) is a continuous homomorphism, let Rρ be the universal
framed deformation ring for ρ parametrising lifts with coefficients in O-algebras.
By [48] Theorem 2.5, Rρ is a reduced, O-flat complete intersection ring of relative
dimension 4 over O.
If τ : IF → GL2(L) is a continuous semisimple representation that extends to
GF , let R

ρ (τ) be the maximal reduced, p-torsion free quotient of R

ρ such that,
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for every O-algebra homomorphism x : Rρ → L, the corresponding representation
ρx : GF → GL2(L) satisfies (ρx |IF )
ss ∼= τ .
The goal of this appendix is to prove:
Theorem B.1. For any ρ and τ as above, the ring Rρ (τ) is either Cohen–Macaulay
or zero.
If p > 2, then this is the content of section 5.5 of [47]. If p = 2 and ρ|P˜F is non-
scalar, then the proof of proposition 5.1 of [47] shows that Rρ is a completed tensor
product of deformation rings of characters, all of whose irreducible components are
formally smooth, and that Rρ (τ) is an irreducible component of R

ρ ; thus R

ρ (τ)
is formally smooth in this case. From now on, then, we assume that p = 2 and
that ρ|P˜F is scalar; by twisting, we may and do assume that ρ|P˜F is trivial. In this
case, we may list the semisimple inertial types τ for which Rρ (τ) may be non-zero.
They are determined by the eigenvalues of τ(σ), which must be of 2-power order
and either fixed or interchanged by raising to the power q. Writing a = v2(q − 1)
and b = v2(q
2 − 1), if Rρ (τ) is non-zero then either
• τ = τζ is the inertial type in which the eigenvalues of τ(σ) are both equal
to a 2ath root of unity, ζ;
• τ = τζ1,ζ2 is the inertial type in which the eigenvalues of τ(σ) are equal to
distinct 2ath roots of unity ζ1 and ζ2;
• τ = τξ is the inertial type in which the eigenvalues of τ(σ) are equal to ξ
and ξq for ξ a 2bth root of unity with ξ 6= ξq (equivalently, with ξ not a
2ath root of unity).
We also give a version with fixed determinant:
Corollary B.2. If ψ is any lift of det ρ to O× such that ψ|IF = det τ , let R
,ψ
ρ (τ)
be the universal framed deformation ring with determinant ψ and type τ . Then
R,ψρ (τ) is Cohen–Macaulay or zero.
Proof. By Theorem B.1, Rρ (τ) is Cohen–Macaulay. If we impose a single additional
equation det ρ(φ) = ψ(φ), then the ring will still be Cohen–Macaulay provided that
det ρ(φ) − ψ(φ) is a non-zerodivisor — in other words, that it doesn’t vanish on
any irreducible components of SpecRρ (τ). This is the case, since the action of G
∧
m
on SpecRρ (τ) given by making unramified twists preserves irreducible components
but varies the determinant. 
Let X be the affine O-scheme whose R points, for an O-algebra R, are pairs
{(Σ,Φ) ∈ GL2(R)×GL2(R) : ΦΣ = Σ
qΦ}.
Then X is a reduced, O-flat complete intersection of relative dimension 4 over
SpecO by the proof of Theorem 2.5 of [48]. Let A be the coordinate ring of X . We
write Σ =
(
1 +A B
C 1 +D
)
and Φ =
(
P Q
R T − P
)
, so that A is a quotient of
S = O[A,B,C,D, P,Q,R, T ][(det Σ)−1, (detΦ)−1].
For any continuous ρ : GF → GL2(k), the pair of matrices ρ(σ) and ρ(φ) give rise
to a closed point of X , and so a maximal ideal m of A. Then Rρ = A
∧
m. If C is
a conjugacy class in GL2(L), then there is a unique irreducible component of X
such that, for a dense set of geometric points of that component, the corresponding
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matrix Σ has conjugacy class C. This provides a bijection between the irreducible
components of X and the conjugacy classes of GL2(L) that are preserved under
the q-power map (by [48] Proposition 2.6). If τ is one of the above inertial types
then we write X (τ) for the union of those irreducible components corresponding to
conjugacy classes with the same characteristic polynomial as τ(σ), with the reduced
subscheme structure, and A(τ) for its coordinate ring. Note that, since X is O-flat
and X (τ) is an irreducible component of X , X (τ) is also O-flat, so that A(τ) is
̟-torsion free.
Lemma B.3. If τ = τζ , τζ1,ζ2 , or τξ, then A(τ)
∧
m = R

ρ (τ).
Proof. Since A is O-flat and A(τ) is the quotient of A by an intersection of minimal
prime ideals, it is also O-flat. Thus A(τ)∧m is also O-flat, by flatness of localisation
and completion. Since A(τ) is of finite type over a DVR it is Nagata by [50, Tag
0335]. Since A(τ) is reduced, the completion A(τ)∧m is also reduced by [50, Tag
07NZ]. The composite map A → Rρ ։ R

ρ (τ) factors through a map A(τ) →
Rρ (τ), since any function in A that vanishes on all L-points of type τ must vanish
in Rρ (τ) by definition. Thus we get a surjection A(τ)
∧
m = A(τ) ⊗A R

ρ ։ R

ρ (τ).
However, since A(τ)∧m is reduced and O-torsion free, and has the property that
every L-point gives a Galois representation of type τ , this map is an isomorphism
by the definition of Rρ (τ). 
Let S = S⊗Ok, A = A⊗Ok, and X = SpecA. Then the irreducible components
of X are in bijection with the conjugacy classes of GL2(k) that are stable under the
q-power map (again by [48] Proposition 2.6). Let X 1 be the irreducible component
corresponding to the trivial conjugacy class — this is just the locus where Σ = 1
— and let XN be that corresponding to the non-trivial unipotent conjugacy class
(we give the irreducible components the reduced subscheme structure). Let I1 and
IN be the prime ideals of S cutting out X 1 and XN ; these correspond to minimal
primes of A. If τ is one of the above inertial types, then we write I(τ) for the ideal
of S cutting out A(τ) ⊗O k.
Lemma B.4. The ideals I1 and IN have generators
I1 = (A,B,C,D)
IN = (A
2 +BC,CQ +BR, T,A+D).
Proof. The presentation for I1 is obvious. For IN , the condition that Σ is unipotent
gives A+D ∈ IN and A2 + BC ∈ IN . If N = Σ− 1, then the relation ΦΣ = ΣqΦ
becomes ΦN = qNΦ = NΦ (since we are working mod 2), which implies that
CQ+BR = 0. At any closed point of XN where N 6= 0, the eigenvalues of Φ must
be in the ratio 1 : q = 1 : 1, and so T = 0. As such closed points are dense on XN ,
we see that T ∈ IN . Therefore
(A2 +BC,CQ +BR, T,A+D) ⊂ IN .
The ideal I = (A2+BC,CQ+BR, T,A+D) is prime of dimension 4; indeed, S/I
is isomorphic to a localisation of
k[A,B,C]
(A2 +BC)
[P,Q,R]/(CQ+BR)
which is easily seen to be a 4-dimensional domain. Thus I ⊂ IN are prime ideals
of S of the same dimension, and so must be equal. 
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Proposition B.5. Let τ = τξ. Then I(τ) = IN .
Proof. Write η = ξ + ξq − 2. The condition that Σ has characteristic polynomial
(X − ξ)(X − ξq) shows that, on X (τ), we have the equations
A+D = η
A(A− η) +BC = η.
Using the first of these, we replace D by η−A everywhere. Now, if x is an L-point
of X (τ) corresponding to a pair of matrices (Σx,Φx), then Φx exchanges the ξ and
ξq eigenspaces of Σx and so must have trace zero. Therefore on X (τ) we have the
equation
T = 0.
Lastly, by the Cayley–Hamilton theorem, and the fact that
Xq ≡ ξ + ξq −X mod (X − ξ)(X − ξq),
we see that Σq =
(
1 + η −A −B
−C 1 +A
)
on X (τ). Equating matrix entries in the
relation ΦΣ = ΣqΦ, and noting that T = 0, we obtain one new equation
(2A− η)P +BR+ CQ = 0.
Thus, letting
J = (A+D,T,A(A− η) +BC − η, (2A− η)P +BR+ CQ)
we obtain a surjection S/J ։ A(τ), and therefore a surjection
S/J ։ A(τ).
As η is divisible by ̟, we see that J + (̟) = IN , and so we have a surjection
S/IN ։ A(τ). This must be an isomorphism since S/IN is a 4-dimensional domain
and A(τ) is a non-zero 4-dimensional ring. Therefore IN = I(τ) as required. 
For the remaining types the following lemma will be useful. If R is a noether-
ian ring, p is a minimal prime of R, and M is a finitely-generated R-module, let
eR(M, p) = lRp(Mp) (this is a special case of the Hilbert–Samuel multiplicity).
Lemma B.6. Let f : R → S be a surjection of equidimensional rings of the same
dimension, and suppose that R is S1 and Nagata. Let p1, . . . , pn be the minimal
primes of R. Suppose that, for i = 1, . . . , n, there is a maximal ideal mi of S such
that pi ⊂ mi but pj 6⊂ mi for i 6= j. If, for each i, we have
eR(R, pi) ≤ eS∧
mi
(S∧mi , qi)
for some minimal prime qi of S
∧
mi
, then f is an isomorphism.
Remark B.7. For those primes pi such that eR(R, pi) = 1 — which is all of them
if R is reduced — the required inequality is implied simply by the existence of the
mi.
Proof. Since R is S1, every associated prime of ker f is minimal and so, by [50,
Tag 0311], it is enough to show that f induces an isomorphism fpi : Rpi → Spi
for each i. Since f is surjective and Rpi is artinian, it is enough to show that
eR(R, pi) ≤ eR(S, pi). Let i ∈ {1, . . . , n}. Choose mi and qi as in the hypotheses of
the lemma. It is enough to show that for each i,
eR(S, pi) = eS∧
mi
(S∧mi , qi).
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Since mi contains a unique minimal prime ofR, after localising atmi we may assume
that R→ S is a local map of local rings, and that pi is the unique minimal prime of
R, and drop i from the notation. The hypothesis that R and S are equidimensional
of the same dimension implies that pS is the unique minimal prime of S, which we
also denote by p. We have eR(S, p) = eS(S, p) since both are just the length of Sp.
Since S → S∧ is flat and S∧/p = (S/p)∧ is reduced because R (and hence S) is
Nagata, [50, Tag 02M1] implies that eS(S, p) = eS∧(S
∧, q). So
eR(S, p) = eS(S, p) = eS∧(S
∧, q) ≥ eR(R, p)
as required. 
The S1 condition holds, in particular, if R is reduced or Cohen–Macaulay, while
the Nagata condition holds if R is of finite type over a field or DVR.
Proposition B.8. Let τ = τζ . Then
I(τ) = IN ∩ I1 = (A+D,AT,BT,CT,A
2 +BC,BR + CQ).
Proof. For simplicity, we twist so that ζ = 1. Write N = Σ − 1 =
(
A B
C D
)
. On
A(τ), Σ has characteristic polynomial (X − 1)2, and so the equations
A+D = 0
A2 +BC = 0
hold on A(τ). Moreover, since (Σ − 1)2 = 0 on A(τ), by the Cayley–Hamilton
theorem we have that Σq = 1 + q(Σ − 1) = 1 + qN on A(τ). The equation
ΦΣ = ΣqΦ becomes ΦN = qNΦ, and comparing matrix entries we get equations
qBR − CQ+ (q − 1)AP = 0
(q + 1)QA+B(qT − (q + 1)P ) = 0
(q + 1)RA+ C(T − (q + 1)P )) = 0
qCQ −BR+ (q − 1)A(P − T ) = 0.
Summing the first and fourth of these gives (q − 1)(BR + CQ + A(2P − T )) = 0;
since A(τ) is (q − 1)-torsion free, we deduce that
BR+ CQ+A(2P − T ) = 0
in A(τ) and can replace the fourth of the above equations by this.
The ideal cutting out A(τ) therefore contains the ideal
J = (A+D,A2 +BC, qBR − CQ + (q − 1)AP, (q + 1)QA+B(qT − (q + 1)P ),
(q + 1)RA+ C(T − (q + 1)P ), CQ+BR+A(2P − T )).
Now, the image of J in S is
(A+D,A2 +BC,BR + CQ,BT,CT,BR+ CQ+AT )
which is equal to (A+D,A2+BC,BR+CQ)+ I1∩ (T ) = IN ∩I1. Therefore there
is a surjection
f : S/(IN ∩ I1)։ A(τ).
Write R˜ = S/(IN ∩ I1). Then R˜ is reduced with two minimal primes, which we
also call IN and I1. Let ρ1 : GF → GL2(O) be diagonal unramified with distinct
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eigenvalues of Frobenius, and let ρN : GF → GL2(O) send σ 7→
(
1 1
0 1
)
and
φ 7→
(
q 0
0 1
)
. Let m1 and mN be the corresponding maximal ideals of A(τ). Then
I1 ⊂ m1, IN 6⊂ m1, I1 6⊂ mN and IN ⊂ mN , so f is an isomorphism by the remark
following lemma B.6. 
Proposition B.9. Let τ = τζ1,ζ2 . Then
I(τ) = (A+D,BT,CT,CQ+BR,A2 +BC).
Proof. Write µ = ζ1 + ζ2 − 2. The condition that Σ has characteristic polynomial
(X − ζ1)(X − ζ2) is equivalent to the equations
A+D = µ
A(A− µ) +BC = µ.
As Xq ≡ X mod (X − ζ1)(X − ζ2), we have by the Cayley–Hamilton theorem
that Σq = Σ on A(τ). The equation ΦΣ = ΣqΦ therefore becomes ΦΣ = ΣΦ, and
comparing matrix entries we get three equations (the fourth being redundant):
BR− CQ = 0
Q(2A− µ) = B(2P − T )
R(2A− µ) = C(2P − T ).
Let
J = (A+D − µ,A(A− µ) +BC − µ,BR− CQ,
Q(2A− µ)−B(2P − T ), R(2A− µ)− C(2P − T )).
(29)
Let I be the image of J in S, so that
I =
(
A+D,BT,CT,CQ+BR,A2 +BC
)
.
We have shown that there is a surjection S/J ։ A(τ), and therefore there is a
surjection f : S/I → A(τ). We have to show that f is an isomorphism. Write
R˜ = S/I.
Then (see the proof of corollary B.10 below) S/I is Cohen–Macaulay, with mini-
mal primes I1 and IN , and it is easy to see that eR˜(R˜, IN ) = 1 while eR˜(R˜, I1) = 2.
Let ρ1 : GF → GL2(O) be diagonal such that the eigenvalues of ρ1(σ) are ζ1 and
ζ2, and the eigenvalues of ρ1(φ) are distinct modulo ̟. Let ρN : GF → GL2(O)
send σ 7→
(
ζ1 1
0 ζ2
)
and φ 7→
(
1 0
0 1
)
. Let m1 and mN be the corresponding
maximal ideals of A(τ). Then I1 ⊂ m1, IN 6⊂ m1, I1 6⊂ mN and IN ⊂ mN .
By [47] Proposition 5.3, which remains valid when p = 2, Rρ1(τ) is formally smooth
over
O[[X − 1]]
(X − ζ1)(X − ζ2)
.
Therefore Rρ1(τ) ⊗ k has a unique minimal prime q and its multiplicity is 2. By
lemmas B.3 and B.6, f is an isomorphism. 
Corollary B.10. (of propositions B.5, B.8 and B.9) For τ = τξ, τζ , or τζ1,ζ2 , A(τ)
is Cohen–Macaulay.
56 YONGQUAN HU AND VYTAUTAS PAŠKU¯NAS
Proof. Since ̟ is a regular element of A(τ), it suffices to prove that A(τ) is Cohen–
Macaulay. This can easily be checked in magma; we sketch an alternative proof
by hand. If τ = τξ, then by proposition B.5, I(τ) = IN . But S/IN is a complete
intersection ring of dimension 4, and therefore is Cohen–Macaulay. If τ = τζ , then
by proposition B.8, I(τξ) = I1 ∩ IN . Now, S/I1 and S/IN are Cohen–Macaulay
of dimension 4 (the latter by the previous case), while S/(I1 + IN ) is regular,
and so Cohen–Macaulay, of dimension 3. By exercise 18.13 of [16], S/(I1 ∩ IN )
is also Cohen–Macaulay. Finally, if τ = τζ1,ζ2 then by proposition B.9, I(τ) =
(A+D,A2+BC,BR+CQ,BT,CT ). Let I = I(τ). Since I +(AT ) = I1 ∩ IN and
AT · I1 = 0, there is an exact sequence of S/I-modules
S/I1
AT
−→ S/I −→ S/(I1 ∩ IN )→ 0.
The first map must be injective, since I1 is prime and eS/I(S/I, I1) = 2 > 1 =
eS/I(S/(I1∩ IN ), I1). Since we have shown that S/I1 and S/(I1∩ IN ) are maximal
Cohen–Macaulay modules over S/I, so is S/I (by [54] Proposition 1.3). 
Since Rρ (τ) is a completion ofA(τ) by lemma B.3, and a completion of a Cohen–
Macaulay ring is Cohen–Macaulay (by [50, Tag 07NX]), we obtain Theorem B.1.
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